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?H . Abstract. The Gibbs measure theory for smooth potentials is an old 

and beautiful subject and has many important applications in modern 
dynamical systems. For continuous potentials, it is impossible to have such 
^■f^ I a theory in general. However, we develop a dual geometric Gibbs type 

measure theory for certain continuous potentials in this paper following 
some ideas and techniques from Teichmiiller theory for Riemann surfaces. 
Furthermore, we prove that the space of those continuous potentials has a 
Teichmiiller structure. Moreover, this Teichmiiller structure is a complete 
■ structure and is the completion of the space of smooth potentials under 

^ this Teichmiiller structure. Thus our dual geometric Gibbs type theory is 

the completion of the Gibbs measure theory for smooth potentials from 
the dual geometric point of view. 

> 

\ 1. Introduction 

ff^ ■ Starting from the celebrated work of Sinai [Ml |35] and Ruelle [301 131] . 

Ti^lj- . a mathematical theory of Gibbs states, an important idea originally from 

\ physics, became an important research topic in modern dynamical systems. 

00 

f-*) \ Later, Bowen [5] brought Sinai and Ruelle's work into the study of Axiom A 

dynamical systems. Their work finally led to a definition of an SRB measure 
for a dynamical system. A very important feature of a Gibbs measure (or an 
SRB measure) is that it is an equilibrium state. 
5^ \ In the original study of Gibbs measures, a potential must be smooth, which 

means it must be at least C" for some < a < 1. Later the smoothness 
condition was relaxed to the summability condition in Walters' paper |39j 
(see also [10|) but it is essentially the same as the smooth case. For a long 
time, I have been interested in a study of a Gibbs type theory for continuous 
potentials. But this is impossible in general. However, we will show that it is 
possible for a certain class of continuous potentials if we bring in some ideas 
and techniques from Teichmiiller theory and quasiconformal mapping theory. 
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A basic idea in the Teichmiiller theory is to use measurable coordinates 
to view Riemann surfaces. That is, by fixing a Riemann surface, all other 
Riemann surfaces homeomorphic to this Riemann surface can be viewed from 
measurable coordinates on this Riemann surface up to isotopy. A fundamental 
result in the study of Teichmiiller theory for Riemann surfaces is the measur- 
able Riemann mapping theorem as we describe below. 

A measurable function /i on the Riemann sphere C is called a Beltrami coef- 
ficient if its L°°-norm k = ||^||oo < 1- The corresponding equation = fJ-H^ 
is called the Beltrami equation. The measurable Riemann mapping theorem 
says that the Beltrami equation has a solution H which is a quasiconformal 
homeomorphism of C whose quasiconformal dilatation is less than or equal to 
K = (1 + /c)/(l — k). It is called a X-quasiconformal homeomorphism. 

The study of the measurable Riemann mapping theorem has a long history 
since Gauss considered in the 1820's the connection with the problem of finding 
isothermal coordinates for a given surface. As early as 1938, Morrey [28j sys- 
tematically studied homeomorphic L^-solutions of the Beltrami equation. But 
it took almost twenty years until in 1957 Bers [3] observed that these solutions 
are quasiconformal (refer to [271 p. 24]). Finally the existence of a solution to 
the Beltrami equation under the most general possible circumstance, namely, 
for measurable ^ with ||/x||oo < !> was shown by Bojarski |4j and by Ahlfors 
and Bers [2]. In this generality the existence theorem is sometimes called the 
measurable Riemann mapping theorem. 

In this paper, we will borrow many ideas and techniques in the Teichmiiller 
theory and the quasiconformal mapping theory to develop a Gibbs type mea- 
sure theory for certain continuous potentials. We will prove that the space of 
these continuous potentials have Teichmiiller structures. We will prove that 
for such a continuous potential, there is a Gibbs type measure which is an 
equilibrium state. Some properties about these Gibbs type measure are also 
studied. 

We organize the paper as follows. In §2, we define a uniformly symmetric 
circle endomorphism and prove three examples. In particular, for the third 
example, we mention and prove a more general version of the result which we 
proved in [23]. This more general result (Theorem [1]) says that a circle 
endomorphism Holder conjugate to a topologically expanding circle endomor- 
phism itself is expanding. 

In §3, we review some classic results in dynamical systems which eventually 
imply that there is only one topological model for the dynamics of all circle 
endomorphisms of the same degree. In the same section, we study the bounded 
nearby geometric property. The conclusion of this property is that a conjugacy 
is quasisymmetric. This enables us to define a Teichmiiller structure on a space 
of circle endomorphisms. 
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In §4, we define the dual symbolic space and geometrical models defined on 
it which we call dual derivatives. 

In §5, we define the Teichmiiller space of smooth expanding circle endo- 
morphisms and the Teichmiiller space of uniformly symmetric circle endomor- 
phisms. Furthermore, we prove that the first Teichmiiller space equals the 
space of all Holder continuous dual derivatives and the second Teichmiiller 
space equals the space of all continuous dual derivatives. Moreover, the sec- 
ond one is the completion of the first one under the Teichmiiller metric. To 
prove this result and make this paper self-contained, we state a special case 
(Theorem [5]) of the result about differentiable rigidity, which has being de- 
veloped in [T71 [TSl [T9] for a more general situation. For the sake of the 
completeness of this paper, we give a detailed proof. We also state the main 
result (Theorem nop in [11] in §6. That is, in §6, we first define an asymptoti- 
cally conformal circle endomorphism and prove that a circle endomorphism is 
uniformly symmetric if and only if it is asymptotically conformal. After this, 
we prove the completion result in the end of §6. 

In §7, we prove that the the Teichmiiller space of uniformly symmetric circle 
endomorphisms is contractible. In a remark in this section, we also state and 
give a outline of the proof about the contractility of the space of all C^"*"" 
circle expanding circle endomorphisms and the Teichmiiller space of smooth 
expanding circle endomorphisms. 

In §8 and §9, we define the linear model for a uniformly symmetric circle 
endomorphism. We study the relation between the linear model and the dual 
derivative. We use this relation to set up a one-to-one correspondence between 
the Teichmiiller space of uniformly symmetric circle endomorphisms and the 
space of all continuous dual derivatives. Furthermore, we give a characteriza- 
tion of a dual derivative. 

In §10, we define the maximum distance on the Teichmiiller space of uni- 
formly symmetric circle endomorphisms and compare this maximum distance 
with the Teichmiiler distance. 

In §11, we give a brief review of the Gibbs measure theory for the smoothness 
case and define a dual invariant measure. In the same section, we post several 
questions which we study in this paper. In §12, we give a review of the g- 
measure theory. In §13, we returned to the Gibbs measure theory for the 
smoothness case but from the dual geometric point of view. 

Finally, in §14, we prove the existence of a dual geometric Gibbs type mea- 
sure for every continuous potential in the Teichmiiller space of uniformly sym- 
metric circle endomorphisms. This measure can be viewed as a coordinate 
structure such that the dynamical system is smooth under this structure. Note 
that we start from a uniformly symmetric circle endomorphism which may be 
very singular. Most important, this measure is an equilibrium state. This 
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result could be served as the role of the Riemann mapping theorem on the 
dual symbolic space. 

In §15, we study values of metric entropy for the Teichmiiller space of uni- 
formly symmetric circle endomorphisms. The maximum value of the metric 
entropy is logd, which is the topological entropy. We prove that the infimum 
of the metric entropy for the Teichmiiller space of uniformly symmetric circle 
endomorphisms is zero. 

Acknoledgement. During this research, I have had many conversations with 

Fred Gardiner, Aihua Fan, Guizhen Cui, Jihua Ma, Anthony Quas, and Huyi 
Hu. I also learned many techniques which I used in this paper from Dennis 
Sullivan during his many lectures at the CUNY Graduate Center. I would 
like to express my sincere thanks to everyone. This research is partially sup- 
ported by grants from NSF, PSC-CUNY, and Bai Ren Ji Hua from the Chinese 
Academy of Sciences. 

2. Circle endomorphisms 
Let T = {z € C I = 1} be the unit circle in the complex plane C. Suppose 

/ : T ^ T 

is an orientation-preserving covering map of degree d > 2. We call it in this 
paper a circle endomorphism. Suppose 

h-.T^T 

is an orientation-preserving homeomorphism. We call it in this paper a circle 
homeomor phism . 

For a circle endomorphism /, it has a fixed point. We will assume through- 
out this paper that /(I) = 1. 

The universal cover of T is the real line M with a covering map 

Tr{x) = e^'^'^ : R T. 

Then every circle endomorphism / can be lifted to an orientation-preserving 
homeomorphism 

F : M ^ M, F{x + 1) = F{x) + d, Vx € M. 

We will assume throughout this paper that -F(O) = 0. Then there is a one- 
to-one correspondence between / and F. Therefore, we also call such an F a 
circle endomorphism. 

Every orientation-preserving circle homeomorphism h can be lifted to an 
orientation-preserving homeomorphism 

H-.R^R, H{x + l) = H{x) + l. 



We will assume throughout this paper that < i^(0) < 1. Then there is a 
one-to-one correspondence between h and H. Therefore, we also call such an 
H a circle homeomorphism. 

A circle endomorphism / is for /c > 1 if the A;*'*-derivative F^'^^ exists 
and is continuous. And, furthermore, it is called C*^"*"" for some < a < 1 if 
F^''^ is a-H61der continuous, that is, 

x%gR Ix-yl"' xJ^tMo,!] Ix-yl" 

A circle endomorphism / is called expanding if there are constants C > 
and A > 1 such that 

> CA", n = l,2,---. 

A circle homeomorphism h is called quasisymmetric if there is a constant 
M > 1 such that 

< l§^^tl_i[Ml < „, VxeR,Vt>0. 
\H[x) — H{x — t)\ 

Furthermore, it is called symmetric if there is a bounded function £{t) > for 
i > such that e{t) ^ 0+ as t ^ 0+ and such that 



l + e{t) - \H{x)-H{x-t)\ 

Example 1. A -dijfeomorphism of T is symmetric. 

However, the class of symmetric homeomorphisms is larger than the class 
of C^-diffeomorphisms. For example, a symmetric homeomorphism may not 
necessarily be absolutely continuous. 

Definition 1. A circle endomorphism / is called uniformly symmetric if there 
is a bounded function e{t) > for t > such that e{t) ^ 0+ as t ^ 0"*" and 
such that 

1 IF-"(. + 0-F-W| 



l + £{t) - |F-"(x) -F-'^(a;-i)| 
for aU a; G M, aU i > 0, and aU n > 0. 

Example 2. A C^+", for some < a < 1, circle expanding endomorphism 
f is uniformly symmetric. Furthermore, £{t) < Df^ for some constant D > 
andO<t<l. 

Proof. Since F{x+1) = F{x)+d, then F'{x+1) = F'{x) is a periodic function. 
Since F is C^+", we have a constant Ci > such that 

|F'(x)-F'(y)| <Ci|x-yr, Vx,2/GM. 
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Since F is expanding, we have a constant C2 > and A > 1 such that 
{F'')'{x) > C2A", Vx G M, n > 0. 



For any x, y G M and n > 0, let Xk = F ^{x) and yk = F ^{y), < k < n. 
Then 

log- 



fc=l 



(F-")'(y) ° (F-)'(x^ 

A/ — 1 k — 1 k — 1 

Let 

Ci+"(A" - 1)A' 
Then we have the following Holder distortion property: 

(1) e-^l-^l" < < e^l-^l", Vx,y G M, Vn > 0. 

Furthermore, let 

e^*" - 1, < t < 1, 



sit) 



- 1, t > 1. 



Then £(t) > is a bounded function such that e{t) — )■ as t — )■ 0+ and such 
that 

1 ^ {F-^'iO iF^'^jx + t)- F--{x)\ ^ ^ 



1 + £{t) - {F-^-yir]) - - t)| 

for all X G M, alH > 0, and all n > 0, where ^ and r] are two numbers in [0, 1]. 
Thus F is uniformly symmetric. Furthermore, one can see that e{t) < Dt°^ for 
some constant D > and < i < 1. We proved the example. □ 

Remark 1. The uniformly symmetric condition is a weaker condition than 
the C^~^" expanding condition for some < a < 1. For example, a uniformly 
symmetric circle endom,orphism could he totally singular, that is, it could map 
a set with positive Lebesgue measure to a set with zero Lebesgue measure. But 
we will see in the rest of the paper, many dynamical aspects, from the daul 
geometric point of view, of a C^'^°' expanding circle endomorphism for some 
< a < 1 will be preserved by a uniformly symmetric circle endomorphism. 



Another example of a uniformly symmetric circle endomorphism is a 
Dini expanding circle endomorphism as follows. Suppose / is a circle 
endomorphism. The function 



uj{t)= sup \F'{x)-F'{y)\, t>0, 

\x-y\<t 



is called the modulus of continuity of F' . Then / is called Dini if 



/ 



-dt < oo. 



Suppose / is a Dini expanding circle endomorphism. Let C > and 
A > 1 be two constants such that 

(F")'(x) > CA", xeR, n > 1. 

Define 

oo 

Co(t) = ^w(C-U-"i). 

n=l 

Then 

u;{t) < / uj{C-^X-''t)dx = / ^dy < oo 

Jo log A 7o y 

for all < i < 1 and u;{t) as t ^ 0. 

Example 3. A Dini circle expanding endomorphism f is uniformly sym- 
metric. Furthermore, e{t) < Doj(t) for some constant D > and <t <1. 

Proof. Since F{x+1) = F{x)+d, then F'{x+1) = F'{x) is a periodic function. 
Since / is expanding, there are two constants Ci > and A > 1 such that 

{F")'{x) > CiA", G M, n > 0. 

For any x, y G M and n > 0, let Xk = F^^{x) and yk = F~^{y), < k < n. 



Then 



log = log [^'H.^'^l I < y I log F'{xk) - log F'iyk) 

^ ?^ E l^'l^'^) - P'(yk)\ ^T^H u{C-'X-'\x - y\). 



n 



Let C = l/(CiA). Then we have the following Dini distortion property: 

(2) e-c^(lx-yl) ^ < e^"(l^-^l), Vx,yGM, Vn > 0. 

Furthermore, let 

gCi-W -1, < t < 1 



Then e(t) > is a bounded function such that e{t) — ?• as t — >■ 0"'" and such 
that 

1 + e(t) - |F-«(a;) - - t)\ - ^ ' 

for all a; G M, i > 0, and n > 0, where ^ and rj are two numbers in [0, 1]. Thus 
F is uniformly symmetric. Furthermore, we have a constant D > such that 
e{t) < DCj{t) for all < t < 1. We proved the example. □ 
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A circle homeomorphism h is called Holder if there is a constant < a < 1 
such that 

\H{x)-H{y)\ 

(3) sup _ < CO. 

x^y y\ 

We say that a circle endomorphism / is Holder conjugate to another circle 
endomorphism g if there is a Holder circle homeomorphism h such that 

f o h = h o g. 

A circle endomorphism g is called topologically expanding if there are constants 
C > and A > 1 such that 

(4) [G"(x) > C7A"|x-2/|, Vx,yG[0,l], Vn > 0. 

Following the proof of our result in [23j about Katok's conjecture, we have the 
following more general result. 

Theorem 1. Suppose that f is a circle endomorphism and suppose that f 
is Holder conjugate to a topologically expanding circle endomorphism g. Then 
f itself is expanding. 

Combining this theorem and Example [3l we have that 

Example 4. A Dini circle endomorphism f which is Holder conjugate a 
topologically expanding circle endomorphism g is uniformly symmetric. 

Proof of Theorem d The proof of the theorem is almost similar to the proof 
given in [23]. However, for the sake of the completeness of this paper, we give 
a detailed proof. 

Suppose the degree of g is d. Since / is topologically conjugate to g, its 
degree is also d. The preimage g^^{l) contains d points and cuts T into d 
closed intervals zuQ^g = {Jo,g, • • • , Jd-i,g}- Actually zuQ^g is a Markov partition 
in the meaning that 

i) T = U'l~lJk,g, 

ii) Ji^g and Jj^g have disjoint interiors for < i / j < d — 1, 

iii) the restriction of g on the interior of Ji^g is one to one for every < 
i<d-l, 

iv) g{Ji^g) = T for every < i < d — 1. 

Thus we can generate a sequence of Markov partitions 

for n = 1, 2, • • • . The set vjn,g contains all intervals J such that g^ : J ^ J^ g 
for some 1 < /c < d is a homeomorphism. 

From dl]), we have constants Co > and < tq < 1 such that 

max I J| < CoTo", Vn > 0. 



Since / is Holder conjugate to 5, we have a homeomorphism h satisfying ([3]) 
such that f o h = h o g. Let 

Then we have a constant Ci > and ti = Tq such that 

\J\ < CiTi", VJ € Vn > 0. 

We use / to denote the hft interval of J in the unit interval [0, 1]. Given 
any interval J G '^nj^ F"'{I) = [m,m + 1] for some integer m > 0. For any 
x,y e I, 

M^^y) = ^°57^!!v77Y = £ (^ogF'{F\x)) - logF'{r{y)) 



Let 



an 



and 



Then 



max < maxlogF'(x) — minlog-F'(x) > 

n 

Dn = '^ak and En = e~^". 



i=l 



\An{x,y)\ < Dn 

since F' is a periodic function of period 1. 

Since log F' is uniformly continuous on [0, 1], we have that ^ as n ^ cx). 
This implies that 



and 



> as n — )■ 00 

n 



r— Dn 

E„ = e >1 as n ^ 00. 



Since F^{I) = [m,m + 1], by the mean value theorem, we have a point 
yn ^ I such that 

(F-)'(y„) = 1/1 J| > Cf Vf Vn > 0. 

This implies that 

(F")'(x) > En{F^)\yn) > EnC^^T-^ = Cf 1 ( ^/E'nT:[^Y, Vn > 0. 
Thus we have constants C > and A > 1 such that 

> CA", Vn > 0. 

That is, / is expanding. We proved the theorem. □ 



10 yunping jiang 

3. Symbolic space and topological representation 

Suppose / is a circle endomorphism of degree d>2 with /(I) = 1. Consider 
the preimage As we have seen in the proof of Theorem[Tl /^^(l) cuts 

T into d closed intervals Jq, Ji, • • • , Jd-i-, ordered by the counter-clockwise 
order of T. Suppose Jq has an endpoint 1. Then Jd-i also has an endpoint 1. 
Let 

^0 = {<^0) Jl, - ■ ■ 1 Jd-l}- 

Then it is a Markov partition, that is, 

i. T = Uf^gJfc, 

ii. the restriction of / to the interior of Ji is injective for every < i < 
d- 1, 

iii. /( Jj) = T for every < i < d — 1. 

Let Iq, h, • • • , Id-i be the lifts of Jq, Ji, • • • , Jd-i in [0, 1]. Then we have 
that 

ii) F{Ii) = [i,i + 1] for every 0<i<d-l. 

Let 

m = {loJi, ■ ■ ■ ,Id-i}- 

Then it is a partition of [0, 1]. 

Consider the pull-back partition zun = /""roo of wq by It contains 
{d — 1)" intervals and is also a Markov partition of T. Intervals J in tz7„ can 
be labeled as follows. Let Wn = ioh ■ ■ ■ in-i be a word of length n of O's, I's, 
■ ■ ■ , and {d — l)'s. Then J^^ G tz7„ if f''{Jw„) C Ji^ for < /c < n — 1. Then 

= {^iwn I = ioh ■ ■ ■ in-i,ik G {0, 1, • • • , d - 1}, A: = 0, 1, • • • ,d-l}. 

Let rjn be the corresponding lift partition of Wn in [0, 1] with the same labelings. 
Then 

rin = {Iwn I Wn = ioh ■ ■■in-iJk S {0, 1, • • • ,(i - 1}, A: = 0, 1, • • • ,d-l}. 
Consider the space 

oo 

S= J]{0,1,--- ,d-l} 

n=0 

= {w = ioh ■■■ik--- in-1 ■■■ I 4 G {0, 1, • • • , (i - 1}, A; = 0, 1, • • • } 

with the product topology. It is a compact topological space. A left cylinder 
for a fixed word Wn = ioh ■ ■ ■ in-i of length n is 

[Wn] = {w' = ion • • • in-li'ni'n+l " " " I € {0, 1, • • • , (i - 1}, /c = 0, 1, • • • } 

All left cylinders form a topological basis of S. We call it the left topology. 
The space S with this left topology is called the symbolic space. 
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For any w = ioii ■ • • in-iin • • ■ , let 

a{w) =ii - ■ ■ in-iin ■ ■ ■ 
be the left shift map. Then (S,(t) is called a symbolic dynamical system. 
For a point w = iq ■ ■ ■ in-iin • • • € S, let w„ = ■ ■ ■ in-i- Then 

Since each Jw„ is compact, 

If every = {xw} contains only one point, then we define the projection 
from E onto T as 

TTf{w) = Xw 

The projection ttj is 1-1 except for a countable set 

B = {w = ioii ■ ■ ■ in-iWOO ■■■ , ioh ■ ■ ■ in-iO{d - l)(d - l)(d - 1) • • • }. 

From our construction, one can check that 

■Kf o a{w) = f o TTf{w), G S. 

For any interval / = [a, b] in [0, 1], we use |/| = 6 — a to mean its Lebesgue 
length. Let 

'•n, f = max |/io„|, 

where Wn runs over all words of {0, 1, • • • , d — 1} of length n. 

Two circle endomorphisms / and g are topologically conjugate if there is an 
orientation-preserving circle homeomorphism h of T such that 

f o h = h o g. 

The following result is first proved by Shub in [32] for expanding circle 
endomorphisms by using the contracting mapping theorem. 

Theorem 2. Let f and g he two circle endomorphisms such that hath Lnj 
and Ln,g tend to zero as n ^ oo. Then f and g are topologically conjugate if 
and only if their topological degrees are the same. 

Proof. The topological conjugacy preserves the topological degree. Thus if / 
and g are topologically conjugate, then their topological degrees are the same. 

Now suppose / and g have the same topological degree. Then they have the 
same symbolic space. Since both sets J^j = {xw} and Jw,g = {Vw} contain 
only a single point for each w, we can define 

h^Xw) — Vw 

One can check that h is an orientation-preserving homeomorphism with the 
inverse 
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□ 

Therefore, for a fixed degree d > 2, there is only one topological model 
(S, a) for dynamics of all circle endomorphisms of degree d with t„ — >■ as 
n — )■ oo. 

Definition 2. The sequence {tu„}^o of nested partitions of T is said to have 
bounded nearby geometry if there is a constant C > such that for any n > 
and any two intervals /, I' G rjn with a same endpoint or one has an endpoint 
and the other has an endpoint 1 (in which case we say they have a common 
endpoint by modulo 1), 

i/'l 

C"^ < ^ < C. 

The sequence {wn}'^=Q of nested partitions of T is said to have bounded ge- 
ometry if there is a constant C > such that 

jj|>C, yicl, L e rin+i, I e Vn, Vn>0. 

The bounded nearby geometry implies the bounded geometry since each 
interval J G % is divided into d subintervals in 77^+1 . But it is not true for the 
other direction. 

Theorem 3. Suppose f is a uniformly symmetric circle endomorphism. Then 
the sequence {zUn}^=Q of nested partitions of T has hounded nearby geometry 
and thus hounded geometry. 

Proof Let F with F(0) = be the Uft of /. Define 

Gfe(x) = F-^(a; + A;) : [0,1] ^ [0,1], for A; = 0, 1, • • • , n - 1. 
For any word Wn = ioii ■ ■ ■ in-i, define 

Gwn = Gio ° Gi^ O • • • O Gi^_-^ . 

Then 

In.„ = Gn.„{[0,l]) = F-^{[m,m + l]), 
where m = in-i + in-2d+ ■ ■ ■ + iod^~^. Suppose I^^ is an interval in rjn having 
a common endpoint with I^^ modulo 1. Then 

4^ = F-"([m + l,m + 2]) or F-"([m - 1, m]). 

Thus 

Let C = 1 + £(1). Then we have that 

, 1/1 
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for any intervals I, /' G r/„ with a common endpoint modulo 1, n = 0, 1, • • • . 
This means that {wn}'^=Q has the bounded nearby geometry. We proved the 
theorem. □ 



Corollary 1. Any two uniformly symmetric circle endomorphisms f and g 
of the same degree d > 2 are topologically conjugate and the conjugacy is a 
quasisymmetric homeomorphism. 

Proof. From f o h = h o g and ^(l) = 1, h{l) is a fixed point of /, that is, 
= h{l). Let k{z) = z/h{l) and f = k o f o Then /(I) = 1. Take 
h = k o h. We have that h{l) = 1 and f o h = h o g. So /i is quasisymmetric 
if and only if h is quasisymmetric. So, without loss of generality, we assume 
that h{l) = 1. 
Suppose 

Vnj = {Iw^j} and rin,g = {Iw„,g}, n = 1, 2, • ■ ■ 

are two sequences of Markov partitions for / and g^ respectively. 

From the bounded geometry property (Theorem [3]), we have a constant 
< r < 1 such that 

t„j = max jl, = max g[ < r", Vn = l,2,---. 

Then Theorem [2] implies that / and g are topologically conjugate. 

Suppose h is the topological conjugacy between / and g and H is its lift to 
M. By adding all integers, the sequence of partitions and rjn^g induce two 
sequences of partitions of M, which we still denoted as rjnj and ?/n,g- Both of 
these sequences of partitions have bounded nearby geometry. 

Let Q, be the set of all endpoints of intervals / E ry^, n = 0, 1 • • • , oo. Then 
it is dense in R. 

For X € ri. Consider the interval [x — t,x\. There is a largest integer n > 
such that there is an interval / = [a, x\ G r]n j satisfying [x — t,x\ C /. Suppose 
J = [6, x] G rjn+ij- Then J C [x — t,x\. Let J' = [x, c] G r]n+ij- From 
Theorem [3l there is a constant C > such that 

C7-1 < ^ < C. 

If \ J'\ > t, we have \ J'\ < Ct. Let J{. = [x,Ck] G r]n+k+ij for k > 0. From 
the bounded geometry, there is a < r < 1 such that 

141 < r'^Ct. 

Let k be the smallest integer greater than — logC/logr. Then jj^j < t. This 
implies that C [x, x + t]. So we have 

\H{4)\ ^ \H{x + t)-H{x)\ ^ \H{J')\ 
\H{I)\ - \H{x) - H{x -t)\ - |i/(J)| ' 
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where H{I) G r]n,g, H{J),H{J') € 'nn+i,g, and H{J',^) G i]n+k+i,g- Now from 
the bounded geometry for g, we have a constant, still denote as C > 0, such 
that 

1 |g(x + t)-g(x)| [g(JO| 

- \H{I)\ - \H{x)-H{x-t)\ - \H{J)\ - 

If \ J'\ < t, we have \ J'\ > C^^t. Let J^^ = [j;,c_fc] G rjn-k+ij for > 0. 
Then from the bounded geometry, there is a constant, which we still denote as 
< r < 1, such that \J'_k\ — T~^C~^t. Let k be the smallest integer greater 
than — logC/logr. Then \J'_k\ ^ t- This implies that J'_j^ I) + So we 

mJ')\ ^ \H{x + t)-H{x)\ ^ \H{JU)\ 
\H{I)\ - \H{x)-H{x-t)\- \H{J)\ ' 
where H{I) G r]n,g, H{J),H{J') G r]n+i,g, and H{J'_^) G r]n-k+i,g- Now from 
the bounded geometry for i^, we have a constant, which we still denote as 
C > 0, such that 

- - -//(x-t)! - |i7(J)| - 

For any x G M, since O is dense in [0, 1], we have a sequence G such 
that — 7- X as n — )• CX3. For any t > 0, we have that 

^ |g(Xn + t) -g(Xn)| ^ ^ 
- \H{Xn)-H{Xn-t)\ - 

Since H is uniformly continuous on M, we get that 

1 ^ [g(x + t)-ff(x)| ^ 
- |i7(x) -i7(x-t)| - 
We proved the theorem. □ 

Remark 2. The bounded nearby geometry and the quasisymmetric property 
for a conjugacy have been also studied for one- dimensional maps with critical 
points in da Hg [20]. 

4. Dual symbolic space and geometric representation 

Suppose / is a circle endomorphism. Suppose {r]n}'^=o is the sequence of 
partitions of [0, 1]. As we have seen in the previous section, for each interval 
in r]n, there is a labeling Wn = ioii ■ ■ ■ in-i- One can think of this kind of 
labelings as the left topology: read ordered digits from the left to the right. 
Now we read from the same ordered digits from the right to the left, that is, 

Wn = jn-l ■ • -ilJO 

where = io, ■ • • , ji = in-2, and jo = in-i- Thus we consider the dual 
symbolic space 

S* = {w* = ■ --jn-i ■■■ ik- • • j'lio I jfc G {0, 1, - • • 1}, A; = 0, 1, • • • } 
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equipped with the right topology which is generated by all right cylinders 

[Wn] = {W* = ■ ■■j'jn-l ■ • • JUO I j'n+k G {0, 1, • " " , ^ " 1}, ^ = 0, 1, • • • }, 

where = jn-i ■ ■ ■ jijo is a fixed word of {0, 1, • • • ,d — 1} of length n. 
Consider the right shift map 

a* :w* = ■■■ jn-i ■ ■ ■ jijo a*{w*) = ■■■ ■■■ji. 

Then we call (S*, a*) the dual symbolic dynamical system for /. 

The dual derivative of / is defined on the dual symbolic space S* as follows. 
For any li;* = •• • • • • jijo G S*, let 

Wn = in-i • • • jijo and <_i = a* (w^) = jn-i ■ ■ ■ ji • 

Then 

Iw„ C Iv„-i ■ 

Define 

\^Vn-l I 



(5) D*{f){w:: 



Definition 3. If for every G S*, 

D*{f){w*) = hm D*{f){w:) 
exists, then we define a function 
(6) D*{f){w*) :J:* ^R+. 

We call this function the dual derivative of /. 

Remark 3. We used to call one divided by a dual derivative a scaling function. 
The notion of the scaling function is first introduced into the study of geometric 
Cantor sets on the line by Sullivan in [36j where a scaling function is used 
to define differentiable structures of geometric Cantor sets on the line. A 
general version of scaling functions for any Markov maps is defined in [15] ( see 
also [E] j. This general notion of scaling function has been used extensively 
in |17l [181 [19] as a complete smooth invariant in the smooth classification 
of one- dimensional maps with critical points. Since a circle endomorphism 
of degree d > 2 can be thought as a Markov map, we use the the definition 
in |15] (see also [l6]j. However, the notion of the dual derivative is a more 
appropriate term in this paper for the study of dual geometric Cibbs measure 
theory. 

A function (j)*{w*) on S* is called Holder continuous if there are constants 
C > and < r < 1 such that 

\^*{w*) -(l)*{w*)\ < Ct-^ 
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as long as the first n digits of w* and w* from the right are the same. If we 
consider a metric 

d{w ,w) = ^ 

fe=0 

on S*, then (j)*{w*) being Holder continuous is equivalent to the condition that 
there are two constants (7 > and < /3 < 1 such that 

\(t>*{w*) - <t)*{w*)\ < C{d{w*,w*)f, w,w* € E*. 

Theorem 4. Suppose f is a uniformly symmetric circle endomorphism. Then 
its dual derivative 

D*{f){w*) : ^ M+ 

exists and is a continuous function. Furthermore, if f is C^"*"", then D*{f){w*) 
is Holder continuous. Actually when f is Dini expanding, the modulus of 
continuity of D*{f ){w*) is controlled hyCj{t). 

We first prove the following lemma. Suppose Q : [0, 1] [0, 1] is a homeo- 
morphism such that Q(0) = and Q(l) = 1. Let M > 1. We say that Q is 
M-quasisymmetric on [0, 1] if 

^ T^TT^Tv^ ^ ^' Va;-i, a;, x + tG[0,l],t>0. 
\Q{x) - Q{x - t)\ 

Lemma 1. There is a function C(-^) > satisfying C,{M) -> as M — >■ 1 
such that for any M-quasisymmetric homeomorphism Q on [0, 1] such that 
Q(0) = and Q(l) = 1, 

\Q{x)-x\<C{M), VxG[0,l]. 

Proof. Consider points Xn = 1/2", n = 0, 1, • • • . M-quasisymmetry and the 
normalization Q(0) = 0, Q{1) = 1 imply that 

Similarly, 

/ 1 \"- 1 / 1 \" 

I ) <<3(— )<( t) , Vn>L 

Furthermore, by M-quasisymmetry and induction on n = 1, 2, • • • , yield 

) <Q(±)-Q(1 )<( ] Vn>l, l<z<2". 

Let 

(/MY 11 f ^ Y] 

Tn = max < — — t;— , t: ^rr } , n = 1,2, ■ ■ ■ . 

\\M + lJ 2"'2" \M + lJ J' ' ' 

Then for n = I, 

. _,1, 1. lM-1 
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and for any n > 1, we have 



max 

0<i<2" 



Qi-)-- 



< max 

0<i<2i-i 



+ Tn 



By summing over k for 1 < k < n, we obtain 

i , i 



max 

0<i<2" 



Qi: 



<Sr, 



k=l 



'2" 2" 

If we put C{M) = supx<„<oo{5n}, by summing geometric series, we obtain 

r 1 /M\" 1 1/1 \" 1-1 

C(M)= max \M-1 + — -M(—^] ,1-tt + tt(t7) K 

^ i<n<ool 2" Vi + m; ' M M\M) 2-^) 

Clearly, Ci^) ^ as M — > 1, and since the dyadic points 

{i/2" I n= 1,2, ■■■ ;0 < i < 2"} 
are dense in [0, 1], we conclude 

\Q{x) - x\ < C{M) Va;e[0,l], 
which proves the lemma. 

Proof of Theorem^ Suppose w* = ■ ■ ■ jn-i • • • jijo G S*- Let 
Wn = jn-1 • • • jijo and = • • • ji . 

By definition, 

D*{f){wZ 



□ 



1/ I 

where 1^^ C /i>„_i. Consider the sequence {D* {f){w'^)}^^i. 
Let < r < 1 be a constant such that 

In = max I < r", Vn > 1. 

For any e > 0, let no > be an integer such that C(l + ^ ^ for all 

n > uq. Then for any m > n > no, we have that 

) = and F™--(I^„) = 

bmce .J is a (1 +e(r" ))-quasisymmetric homeomorphism, from 

Lemma [U (by normalizing ly^^i to [0, 1] and /^^ to [0,x] by a linear transfor- 
mation) , 



|I)*(/)«)-Z)*(/)«)| 



<C(l+e(r"-^)) <e. 



This implies that {D*{f){Wn)}^=i ^ Cauchy sequence. Thus the limit 

D*if)iw*) = hm 

n— >oo 

exists. 
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Now consider two points 

W* = ■■■ jm-l ■ ■ ■ jnjn-l ' ' ' JO and W* = ■■■ jm-l ■ ■ ■ fju-l ' ' ' jo- 

Let = jm-l ■ ■ ■ jnjn-l ' ' ' jo and = j^-i ■ ■ ■ j'Jn-i • • • io- Then w* = 
w^. For any m > n, 

\D*U-)iw*J-D*U-)iw*J\ 
< \D*{f)iw*J - D*{f){wl)\ + - Z?*(/)K)I < 2C(1 + e(T"-i)). 

So by taking a limit, 

\D*{f){w*) - D*{f){w*)\ < 2C(1 + e(T"-i)). 
Thus we have that 

D*{f){w*) : S* ^ M+ 

is a continuous function whose modulus of continuity is bounded by 2^(1 + 
e(T"-i)). 

Moreover, if / is a C^"'"'^ expanding circle endomorphism for some < a < 1, 
from the Holder distortion property ([T]), there is a constant C > such that 

\D*{f){w*) - D*{f){w*)\ < C7r"("~i). 

This implies that the dual derivative D*(f){w*) is Holder continuous. 
When / is Dini, then there is a constant C > such that 

\D*{f){w*)-D*{f){w*)\<CCj{T^-'). 

Thus the dual derivative D*{ f){w*) is continuous and its modulus of continuity 
is controlled by ti}(r"'~^). We proved the theorem. □ 

5. Teichmuller spaces and dual derivatives 

For a fixed integer d > 2, let C^~^ be the space of all C^+", < q < 1, 
expanding circle endomorphisms of degree d. Take Qdiz) basepoint 
in C^^. A marked C^^ circle endomorphism by qd is a pair {f,hf) where 
/ € C^^ and hj is the orientation-preserving homeomorphism of T such that 
hf{l) = 1 and 

f ohf = hfo q^. 

From Corollary [H for any marked C^"*" circle endomorphism {f,hf) by q^, 
hf is quasisymmetric. Thus we can define Teichmuller equivalence relation 
~T, Teichmuller space, and Teichmuller type metric as follows. 

Definition 4. Two marked C^^ circle endomorphisms are equivalent, denoted 
as (/, hf) (g, hg), ii hf o h~^ is a C-'^-diffeomorphism. 

Definition 5. The Teichmuller space 

TC^+ = I / G C^+, with the basepoint [{qd,id)]] 

is defined as the space of all ~r-equivalence classes [(/, hf)] in the space of all 
marked C^^ circle endomorphisms by qd- 
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Now let us define the Teichmiiller type metric d-]-{-, ■) on TC^^. We first 
consider the universal Teichmiiller space. We refer to [H \T7[ [27] as standard 
references for this subject. Let QS be the set of all quasisymmetric orientation- 
preserving homeomorphisms of the unit circle T factored by the space of all 
Mobius transformations of the circle. (Then QS may be identified with the set 
of all quasisymmetric orientation-preserving homeomorphisms of the unit circle 
fixing three points). Let S be the subset of QS consisting of all symmetric 
orientation-preserving homeomorphisms of the unit circle T. The space 5 is a 
subgroup of QS closed in the Teichmiiller topology. For any h € QS, let £h 
be the set of all quasiconformal extensions of h into the unit disk. For each 
h G £h, let 

hz 
hz 

be its complex dilatation. Let 

1 + k 



kji = \\Kz)\\oo and K-^ 



h 



Here is called the quasiconformal dilatation of h. Using quasiconformal 
dilatation, we can define a distance in QS by 

dT{hi,h2) = ^mi{\ogKj^^-^-i j hi € EhiM € £'2}. 

Here {QS, d) is called the universal Teichmiiller space. It is a complete metric 
space and a complex manifold with complex structure compatible with the 
Hilbert transform. 

The topology coming from the metric d-j- on QS induces a topology on the 
factor space QS mod S. Given two cosets Sf and Sg in this factor space, 
define a metric by 

dT{Sf,Sg)= ^mi_^d{Af,Bg). 

The quotient space QS mod S with this metric is a complete metric space and 
a complex manifold. The topology on {QS mod S^dx) is the finest topology 
which makes the projection tt : QS QS mod S continuous, and tt is also 
holomorphic. 

An equivalent topology on the quotient space QS mod S can be defined as 
follows. For any h G QS, let /i be a quasiconformal extension of /i to a small 
neighborhood [/ of T in the complex plane. Let 

r- TT 

hz 



and 



1 + k- 

h = Mz)\\oo,U and ^^ = Y3p- 
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Then the boundary dilatation h is defined as 

U,h 

where the infimum is taken over all quasiconformal extensions ^ of in a 
neighborhood U of T. It is known that h is symmetric if and only if B/j = 1. 
Define 

d>i,/i2) = -logS^-i^^. 

The two metrics d and d on QS mod S are equal. 

The Teichmiiller type metric dr{--, ■) on TC^^ is defined similarly as follows. 
Let n and 11' be two points in TC^+. Then 

dr(n,n') = ^iogi3,-i„,^, 

where n,n' G TC^+ and (/, /i/) G H and {g,Tg) £ W . Since d-j-(-, •) is defined 
by d{-, •), it easy to check it satisfies the symmetric condition and the triangle 
inequality. If we have that d7-(n, 11') = if and only if 11 = 11', then dr(") ") is 
indeed a metric. To prove this property, wc need the following rigidity result. 

Suppose f,g € C^"^ are conjugate by an orientation-preserving homeomor- 
phism h, that is, 

f o h = h o g. 

If h is differentiable at p € T, then, from the last equation, h is differentiable 
at all points in 

BI{p) = U- o/""(p), 
the set of all backward images of p. 

Definition 6. We call h differentiable at p G T with uniform bound if there 
are a small neighborhood Z of p and a constant C > such that 

<\h'{q)\<C, qeBI{p)nZ. 

Theorem 5. Suppose f,g& C^^ are conjugate by an orientation-preserving 
homeomorphism h, that is, f o h = h o g. Then h is a -diffeomorphism if 
and only if h is differentiable at one point with uniform bound. 

Proof. Note that h is differentiable if and only if its lift H is differentiable. If 
H is a C^-diffeomorphism, then 

1 = H{1) - H{0) = I H'{x)dx. 

Jo 

So there is at least one point in [0, 1] such that H'{x) ^ 0. This is the "only 
if part. 
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To prove the "if part, suppose H is difFerentiable at xq with uniform bound. 
Let po = T^ixo)- Then the set of ah backward images BI{pq) of po is dense in 
T. The lift set BI{xq) of BI{po) to [0, 1] are ah points 

Xnm = F~'^{xq + m), n = 0, 1, • • • , m = 0, 1, • • • , - 1. 

Since 

i/(F"(x„„)) = G-{H{xn^)) (mod 1), 

^i^-J- (Gny(F(x„^)) • 

So is differentiable at every point in S with non-zero derivatives. Thus we 
can take xq S (0, 1). 
Let 

Xq e ■ ■ ■ <Z Iwf, C Iwk-i C • • • C [0, 1] 
be a sequence of nested intervals in the sequence of Markov partitions {r]k}'kLo- 
Assume I = Z = Iw„g is the closure of a neighborhood of xq in Definition [H 
that is, there is a constant Co > such that 

Cq^ < \H'{x)\ < Co, xe BI{xo) n /. 

Consider the set S{I) of all intervals J € r]no+k such that J C I and F^{J) = 
I (mod 1) for = 1, 2, • • • . Let 1^(1) be the union of all these intervals. Then, 
just by the expanding property of /, the set ^{I) has a full Lebesgue measure 
in /. 

For any J G 5(1), F^[J) = I (mod 1) and G^[H[J)) = H{I) (mod 1) for 
some k > 1. We have 

\H{J)\ _ (F^yiO \H{I)\ 

\j\ {C^yir]) \i\ ■ 

Take x £ BI{xq) n J. Then y = F^{x) € BI{xq) n / and 

{F^)'{x) _ H'{x) 
Wy{H{x))~lF{y)- 

Thus 

^0 - {G>^)'{H{x)) 

This implies 

2 (^^y(^) {G^yjri) \H{I)\ ^ \H{J)\ ^ . {F^YiO (C^y(x) |ff(/)| 

° (F'=)'(o (G'=)'(x) |/| - |j| - ° (^'^yw (c^yi^) 1^1 ■ 

From the Holder distortion property ([I]), there is a constant Ci > 1 such that 

Since both and H{il.{I)) have full measures in / and H{I), respectively, 
from the additive formula, this implies that H\I is bi-Lipschtz. 
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Since H\I is bi-Lipschitz, H' exists a.e. in / and is integrable. Since 
{H\I)'[x) is measurable and H\I is a homeomorphism, we can find a point 
2/0 in I and a subset Eq containing yo such that 

1) H\I \s differentiable at every point in Eq] 

2) yo is a density point of Eq; 

3) H'{yo) ^ 0; and 

4) the derivative H'\Eq is continuous at yo- 

Since [0,1] is compact, there is a subsequence {-F"''(yo) (mod 1)}^^! con- 
verging to a point in [0, 1]. Without loss of generality, assume zq G (0, 1). 
Let /q = (a, be an open interval about zq. There is a sequence of inter- 
val such that yo & h Q I and F'^" : h ^ h (mod 1) is a (7^+" 
diffeomorphism. Then goes to zero as k tends to infinity. 

Prom the Holder distortion property ([1]), there is a constant C2 > 0, such 
that 

( \iF"-yM\ ' 

\\{Fn.y{z)\ 

Since yo is a density point of E^, for any integer s > 0, there is an integer 
/co > such that 



log 



< C2, yw,z & Ik, v/c > 1. 



l-gpn/fci 
I It I 



> 1 



-, \/k > ks- 
s 



Let E'fc = -F"'*(-E'o n/fc) (mod 1). Then H is differentiable at every point in E^ 



and, from the Holder distortion property ([T]) 
that 

\Eknio\ 



l/n 



<^3 

> 1-— , 
s 



there is a constant C3 > such 



Let 



Then E has full measure in Iq and is differentiable at every point in E with 
non-zero derivative. 

Next, we are going to prove that H'\E is uniformly continuous. For any x 
and y in E, let Zk and Wk be the preimages of x and y under the diffeomorphism 
F"'* : Ifc — )■ /q (mod 1). Then and tt;^ are in Eq. From H o F = G o H 
(mod 1), we have that 

{G--)'{H{zk)) 



and 

So 
log 



H'ix) 



H'{y) 



{F^^y{zk) 

{G^^y{H{wk)) 

{F^^y{wk) 



■H'{x) 



< 



log 



{G^>=y{H{zk)) 



{G-^y{H{wk)) 



+ 



log 



■H'{zk) 



H'{wk). 



{F^^y{wk) 



{F^^y{zk) 



+ 



log 



H'{wk) 
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Suppose both / and g are C^+" for some < a < 1. From the Holder 
distortion property ([1]), there is a constant C4 > such that 



log 



and 



log 



{Gr^^y{H{wk)) 
for all > 1. Therefore, 

'H'{x) 



< Ca\x 



<Ci\H{x)-H{y)\' 



log 



H'{y) 



< Ca 



y\'- + \H{x)-H{y)r] + 



log 



H'{zk) \ 
H'{wk)) 



for all A; > 1. Since H'\Eq is continuous at yoi the last term in the last 
inequality tends to zero as k goes to infinity. Hence 

■H'{xy 



log 



H'{y) 



< Ca 



yr + \H{x)-H{yy' 



This means that H'\E is uniformly continuous. So it can be extended to a 
continuous function cj) on Iq. Because H\Iq is absolutely continuous and E has 
full measure, 

H{x) = H{a) + / H'{x)dx = H{a) + / (l){x)dx 

J a J a 

on /q. This implies that H\Iq is actually C^. (This, furthermore, implies that 
H\Io is Ci+"). 

Now for any x € [0, 1], let J be an open interval about x. By the expanding 
condition on /, there is an integer n > and an open interval Jq C /q such that 
F"" : Jq ^ J (mod 1) is a C^'^" diffeomorphism. By the equation H o F = 
G o H, we have that H\J is C^"*"". Therefore, H is C^"*"". We proved the 
theorem. □ 

Remark 4. This kind of the rigidity phenomenon has been also studied for 
one- dimensional dynamical systems with critical points in \15 \ 1161 [TTl 118^ I19j. 

Remark 5. If f and g in Theorem\^ are hath C^'^^ , then one can prove that 
h is bi-Lipschitz by using a different argument which was given by Sullivan in 
his lectures at the CUNY Graduate Center during 1986-1989 [38] as follows. 
Suppose h is differentiable at a point xq on the circle. Then 

h{x) = h{xo) + h'{xo){x - xq) + o(|x - xo|) 

for X close to xq. Suppose 

f o h = h o g. 

Consider {x„ = /"(xo)}5^o- < a < 1 be a fixed number. Consider the 
interval In = {xn,Xn + a). Let Jn = {xQ^Zn) be an interval such that 

f • Jn ^ In 
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is a C"^^"^ dijjeomorphism. Let f : In ^ Jn denote its inverse. Since f is 
expanding, the length \Jn\ — >• as n ^ oo. Similarly, we have that 

is a C"^^"^ diffeomorphism. Let g~^ : h{In) — h{Jn) be its inverse. Then we 



have that 



Let 



h{x)=g''ohof-^{x), 



an{x) 



Xo 



and 



Then 



Pn{x) 



/i(xo) 



X G In. 

•(0,1) 



h{xn) - h{xo) 



: h{Jn) ^ (0,1). 



/i(x) = (5"o/3„i)o(/3„o/ioa„^)o(a„o/ ")(x), x G /„ 
From the Holder distortion property ([7]) for a = 1, we get 



log I 



and 



log I 



(/-")'(y) 
r")'(x) 



< C\x 



y x,y e In 



<C\x-y\, yx,yeh{In) 



This implies that g"' o /3~^ and an o are a sequence of b-Lipschitz homeo- 
morphisms with a uniform Lipschitz constant. Therefore, they have convergent 
subsequences. The map /3„ o /i o converges to a linear map. Since the unit 
circle is compact and all In with a fixed length a, C^^^^In contains an interval 
I. Thus h is a bi-Lipschitz homeomorphism on I. Since f and g are expanding, 
this implies that h is bi-Lipschitz on the whole unit circle T. 

However, this argument does not work for the case when < a < 1. The 
reason is that in this case, we have only 



log 



and 



log 



(/-")'(y) 

{g-^y{x) 



<C7|x-y|", Vx,2/G/„ 



<C\x-yr, yx,yeh{In) 



from the Holder distortion property Therefore, g^ o f3~^ and o /~" are 
only a sequence of a- Holder homeomorphisms with a uniform Holder constant. 
We can not conclude that h is bi-Lipschitz. The method developed in [15\ [T6\ 
[T71 [T8[ [T9] (which is presented in the proof of Theorem is, in particular, 
useful for maps having only C^~^" smoothness for < a < 1 . 



Theorem 6. Suppose f,g G C^^ . Then {f,hf) ~j' {g,hg) if and only if 
D*{f) = D*{g). Furthermore, dr{Il,U') = if and only ifU = W . 
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Proof. Let {rinj}^=i and {'>]n,g}^=i be the corresponding sequences of nested 
partitions on [0, 1] for / and g. Let 

h = hfohg^. 

Then 

f o h = h o g. 

Suppose H is the hft of h such that H{0) = 0. Then for any interval I^^ E Vnj, 
HilwJ G Vn,g- 

Suppose {f,hf) ~r {g^hg). Then /i is a C^-diffeomorphism of T. For any 
^i^* = • • • Jn-i • • • iiJo G 5]*, let = jn-i ■ ■ ■ iiJo and = j„_i • • • ji. Then 

\H{Iwj\ H'{q) \Iy,J H'{q) 

This implies that 

D*{g){w*)=D*{f){w*). 

Now suppose D*{g){w*) = D*{f){w*). Since / and g are both C^+° ex- 
panding for some < a < 1, there are constants C > and < r < 1 such 
that 

\D\f){w*) - D*{f){wl)\ < Ct^ and \D*{g){w*) - D*{g){w*J\ < Cr^. 
This implies that there is a constant C" > such that 

<1 + CV", Vn>0. 

Let C" = nr=o(l + C'-^')- Then 

From the additive formula, we conclude that H is Lipschitz continuous. But 
a Lipschitz continuous function is absolutely continuous (at this point, we 
can also use a theorem of Shub and Sullivan [33] to show that /i is a C^- 
diffeomorphism) , so it is differentiable almost everywhere. Since H is a home- 
omorphism, it must have a differentiable point with non-zero derivative. Now 
Theorem [5] implies that that h is C^-diffeomorphism. 

From the definition, df{Il, H') = if and only if /i = hj^ o hg is symmetric. 
If n = n', then h = hj^ o hg is C^-diffeomorphism. So it is symmetric. 

On the other hand, if h = hj^ o hg is symmetric, then from Lemma [H there 
is a bounded function e{t) > such that e{t) — > as t — ?• and a constant 
< r < 1 such that 



\D*{g){wl)-D*{f){wl)\ 

We get 



D*{g){w*) = D\f){w*). 
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This further imphes that /i is a C^-diffeomorphism. So 11 = IT'. □ 

Definition 7. We call d-j-i-, •) the Teichmiiller metric on TC^^. 

Following Theorem [6l we can set up a one-to-one correspondence between 
the Teichmiiller space TC^+ and the space of all Holder continuous dual deriva- 
tives: 

U = [{f,hj)]^D*{f){w*). 

Therefore, 

(7) TC'^ = {D*{f){w*) I /gC1+} 

equipped with the Teichmiiller metric dj-{-, •). However, this is not a complete 
space. Next we will study the completion of this space. 

Let d > 2 be the same fixed integer. Suppose US is the space of all uniformly 
symmetric circle endomorphisms of degree d. We define the Teichmiiller space 
for US as we did for C^^. 

Let Qdiz) = z'^ be the basepoint in US. A marked circle endomorphism 
by Qd is a pair {f,hf), where / € US and hj is the orientation-preserving 
homeomorphism of T such that hf{l) = 1 and 

f ohf = hf oqd- 

From Corollary [H for any marked circle endomorphism {f,hf) by q^, hf is 
quasisymmetric. Thus we can define Teichmiiller equivalence relation 
Teichmiiller space, and Teichmiiller metric as follows. 

Definition 8. Two marked circle endomorphisms are equivalent, denoted as 
(/i ^/) ~T {g, hg), if hf ° is a symmetric homeomorphism. 

Definition 9. The Teichmiiller space 

TUS = {[{f,hf)] \ f G US, with the basepoint [{qd^id)]} 

is the space of all -^T-equivalence classes [(/, /i/)] in the space of all marked 
circle endomorphisms by qd- Teichmiiller metric d-i-{-, ■) is defined as 

dr(*,*') = ^logi?,-i„,^ 

where (/, /i/) G ^ and {g,hg) G 

If /, 5 G C^^ and if the conjugacy h between / and g is symmetric, then from 
TheoremEl h must be a C^-diffeomorphism. This implies that the Teichmiiller 
space TC^^ is indeed a subspace of the Teichmiiller space TUS. Furthermore, 
we have that 

Theorem 7. The space (TUSjd-j- {•,■)) is a complete space and is the com- 
pletion of the space {TC^^ ,dq- {■,■)). 
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Our proof of this theorem needs some result for asymptotically conformal 
circle endomorphisms in [11]. For the purpose of self-contained of this paper 
and for the convenience of the reader, we includes some materials from |llj in 
the next section. Therefore, we delay the proof of Theorem [7] into the next 
section. 

6. Asymptotically conformal circle endomorphisms 

Suppose g is a quasiconformal homeomorphism defined on a plane domain 
n. Let 

H{z) = — 
9z 

for z € Q and let 



i-Hz)\- 

Here K^ig) is called the dilatation of g at z. 

Suppose H is a. quasisymmetric homeomorphism of the real line. Define the 
skew quasisymmetric distortion function as 

\H{x + ky)-H{x)\ 
p{x,y,k) = — — — — -— — . 

\H{y) -H{x)\ 

In particular, let p{x,y) = p{x,y,l). The Beurling-Ahlfors extension proce- 
dure provides a canonical extension H of any quasisymmetric homeomorphism 
H to the whole complex plane such that the Beltrami coefficient fj, of H sat- 
isfies 1 1 I loo < 1- Furthermore, it satisfies the following well-known theorem 
(see [12j). 

Theorem 8. The Beurling-Ahlfors extension of a quasisymmetric self-mapping 
H of the real axis has a Beltrami coefficient fi with \p,(x-\-iy)\ < r]{y) for some 
vanishing function r](y) if, and only if, there is a vanishing function e{y) such 
that ^ 

< PH{x,y) < l + e{y). 



l + e(2/) 

A generalization of Theorem [5] can be founded in [6j and in [TT] with a 
complete proof. 

Theorem 9. Suppose the skew quasisymmetric distortion functions poix, y, k) 
and pi{x,y,k) of Hq and Hi satisfy the inequality 

\po{x,y,k) - pi{x,y,k)\, \pQ{x,-y,k) - pi{x,-y,k)\ < e{y) 

for x,y > G M and < A; < 1, where e{y) is a vanishing function, that is, 
e{y) ^ as y ^ M. Suppose furthermore that p,Q and pi are the Beltrami 
coefficients of the Beurling-Ahlfors extensions Hq and Hi, that is, 

mz) = -~— and pi{z) = 

J^Oz niz 
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Then there is a vanishing function r]{y) depending only on e{y) such that 

\Ho{x + iy) - fii{x + iy)\ < r]{y). 

Conversely, given two quasiconformal maps Hq and Hi preserving the real 
axis and a vanishing function rj{y) such that 

\ixq{z) - iii{z)\ < r]{y), 

then there is a vanishing function e{y) such that 

\po{x,y,k) - pi{x,y,k)\, \po{x,-y,k) - pi{x,-y,k)\ < e{y) 

for x,y > G M and < < 1, where Hq and Hi are the restrictions of Hq 
and Hi to the real axis. 

Proof. We adapt the proof from [11]. We take the fohowing formulas as the 
definition of the Beurhng-Ahlfors extension: 

H = U + iV, 

where 

(8) U{x,y) = — H{s)ds = - H{x + ky)dk 

2y Jx-y 2 J_i 

and 

(9) V{x,y) = - H{s)ds-- H{s)ds. 

y J X y J x—y 

In (l8|) and ([9]) we have chosen a normahzation shghtly different from the one 
given in jtlj. It has the property that the extension of the identity is the identity 
and the extension is affinely natural, by which we mean that for affine maps 
A and B, ^ 

idu = idc 

and 

A^Th^ B = Ao H o B. 

Note that 

(10) j\i..y.mk= (i Hi.)is- H(x)) 
and 

(11) f p{x, -y, k)dk = ^, ^ ^, , (h{x) - - r H{s)ds) . 
Jo H{x + y)- H{x) V y Jx~y J 

Let 



L = H{x) - H{x -y) 

R = H{x + y) - H{x) 

L' = Hix)-lJ:_^H{s)ds, 

R' = lf^^+yH{s)ds-H{x). 
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andlet p^{x,y) = p{x,y,k)dk and p-{x,y) = Jq p{x, —y,k)dk. Let p{x,y) = 
PH{x,y). Then 



p{x,y) = R/L 
(13) p+{x,y) = R'/L 

p-{x,y) = L'/R. 

Notice that for symmetric homeomorphisms the quantity p approaches 1 and 
the two quantities /)+ and p- approach 1/2 as y approaches zero. The complex 
dilatation of H is given by 

K(z) - 1 



where 



K(z) 



^^'^ K{z) + l 
H, + H^ {U + iV), + {U + iV)^ 



Thus 



-H- {U + iV), -{U + iVh 

jU + iV)^ - ijU + iV)y + iU + iV)^ + i{U + iV)y 
{U + iV)^ - i{U + iV)y -{U + iV)^ - i{U + iV)y 

_ Ux + iVx 

Vy - iUy ■ 



Kiz) ' + ^" 



h — ic 

where a = Vx/Ux, b = Vy/Ux and c = Uy/Ux- 

To find estimates for these three ratios we must find expressions for the four 
partial derivatives of U and 1^ in ([8]) and ([9]). In the notation of (I12p 



Ux = ly{R + L), 

Vx = \{R-L), 
Vy = l{R + L)-liR' + L'), 
Uy = ^{R-L)-^iR'-L'). 
Thus 

a{l + p) = 2f^.i^, 

b{l + p) = .E±k = 2 {R/L + 1 - R'/L - {R/L){L'/R)) 

c{l + p) = «=^-^.«±^^ = ii/L-l-i?VL + (fl/L)(L7i?). 

Finally, we obtain 

(14) b = ^(.P+^-P+-PP-) ^ 

_ P-1+P++PP- 
^ - P+i • 
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Since K{z) = (1 + ia)/{b — ic), K(z) + 1 = [l + ia + b — ic}/{b — ic), we have 
Ki{z)-l Ko{z)-l ^ Ki{z)-Ko{z) 



Ki(z) + 1 Ko{z) + l {Ki{z) + l){Koiz) + l) 
(1 + iai){bo - ico) - (1 + iao)(6i - ici) 



(1 + iai + bi- ici)(l + iao + 6o - icq) 

^ {ai - ao)(ibi + ci) + (fep - + mi) + (ci - co)(i - oi) 
(1 + mi + 6i - ici)(l + mo + 6o - ico) 

From the equation for b in p4p and the inequahties < p and pp_ < 1, we 
see that 6 > 0. Since this inequahty is true for bi and for bo, it fohows that the 
denominator in (fT5]) is greater than 1. These equations show that if ao,bQ,co 
converge to ai,6i,ci, as y approaches zero, then po approaches pi. Clearly pQ 
approaches pi implies ao approaches ai. 

From the hypothesis 

\po{x,y,k) - pi{x,y,k)\, \po{x,-y,k) - pi{x,-y,k)\ < e{y) 
for X, y > € M and < /c < 1, we have that 

\pi+{x,y) - po+{x,y)\< / \pi{x,y,k) - pQ{x,y,k)\dk <e{y) 

Jo 

and 

\pi-ix,y) - Po^ix,y)\ < / \pi{x,-y,k) - po{x,-y,k)\dk < e{y). 

Jo 

This implies that bo, cq converge to 6i, ci, as y approaches zero. This completes 
the proof of the first half of the theorem. 

Since the subsequent arguments do not require the second half, we only 
sketch the proof. Notice that if Hq and Hi are quasiconformal self-maps of 
the complex plane preserving the real axis with Beltrami coefficients po and 
pi satisfying 

\po{z) - pi{z)\ < e{y) 

for a vanishing function e(y), then the quasiconformal map Hi o (Hq)~^ has 
Beltrami coefficient a with 

W{z)\<e'{y) 

for another vanishing function e'{y). Then Hi o (Hq)^^ carries the extremal 
length problem for the family of curves joining [— oo, HQ(x—y)] to [Hq{x),Hq{x+ 
ky)] to the extremal length problem for the family of curves joining [— oo. Hi (x— 
y)] to [Hi{x), Hi{x + ky)]. If Ao(x, y, k) and Ai(x, y, k) are these two extremal 
lengths, then by the Grotzsch argument there is another vanishing function 
e"{y) such that 

< e"{y). 



Ao{x, y,k) 

log 



Ai{x, y,k) 
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In [T] Ahlfors shows that if A is the extremal length of the curve family that 
joins the interval [—00, —1] to [0, m], A is an increasing real analytic function 
of m. In particular, 

Ao 



(16) 



log 



mo 
mi 



< e if and only if 



log 



Ai 



< e' 



and e and e' approach zero simultaneously. 

Hence by (jl6p there is another vanishing function ri(y) such that 

Ho{x + ky) - Ho{x) Hi{x + ky) - Hi{x) ^ ^^^^ 



Ho{x) - Ho{x- y) 
Similarly, we have that 

Hq{x) - Ho{x- ky) 



Hi{x) - Hi{x - y) 
Hi{x) - Hi{x - ky) 



Ho{x + y) - Ho{x) Hi{x + y) - Hi{x) 
This completes the proof of the second half of the theorem. 



□ 



Definition 10. We call a circle endomorphism / of degree d > 2 a uniformly 
asymptotically conformal if it has a reflection invariant extension / defined in 
a small annulus r < \z\ < 1/r such that 



f{l/z) = l/f{z), 

and such that for every e > there exists a possibly smaller annulus U = {z : 
r' < \z\ < 1/r'} such that 

(17) K,(r")<l + e 
for almost all z in U. and all n > 0. 

From the quasiconformal mapping theory (see [1]), if / is a uniformly asymp- 
totically conformal, then the restriction / of / to the unit circle T is uniformly 
symmetric. It is also easy to see that if / acting on a neighborhood of the 
unit circle with /(I) = 1 is uniformly asymptotically conformal if and only if 
there is a unique lift F to an infinite strip containing M and bounded by lines 
parallel to M such that 

1) TT O F = f O 1T„ 

2. ) F(0) = 0, 

3. ) F{z + 1) = F{z) + d, and 

4. ) F preserves the real axis and F{z) = F{z). 

In light of the above, we have an equivalent definition. 

Definition 11. We call a circle endomorphism / a uniformly asymptotically 
conformal if for every e > 0, there is a 5 > such that if the absolute value of 
y = Im z is less than 6, then 

(18) K,{F-^)<l + e 
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for all n > 0. 

The following theorem is proved in [llj. For the purpose of self-contained 
of this paper, we include the proof. 

Theorem 10. A circle endomorphism f of degree d > 2 is uniformly sym- 
metric if and only if it is uniformly asymptotically conformal. 

Before to prove this theorem, we prove the following lemma. Let C{M) be 
the function in Lemma [H 

Lemma 2. Let ??(M) = M — 1 + MC,{M). Then for any homeomorphism 
HofM and any x, y > € M, if H restricted to the interval [x — y,x + y] is 
M -quasisymmetric, then 

ui&yi{\pH{x,y,k) - \ph{x, -y,k) - k\} < t9(M), V < < 1. 

Proof Consider = {H{x+ky)-H{x))/{H{x+y)-H{x)). Theni?(l) = 1 
and -ff (0) = 0. Also, H is quasisymmetric because 

H{k + j) - H{k) _ H{x + ky + jh) - H{x + ky) 
H{k)-H{k-j) ~ H{x + ky) - H{x + ky - jy) 

for any < k < 1 and j > such that [k — j, k + j] C [0, 1] and this is bounded 
above by M and below by 1/M because H is M-quasisymmetric. So, from 
Lemma [H 



Thus 



H(x + ky)~H(x) , 
H{x + y) - H{x) 

{k - C(M))ph{x, y) < ^^"^ + ~ ^^^^ <{k + C{M))ph{x, y). 

H [x) — H[x — y) 



Since 1/M < pH{x,y) < M and we are assuming that < k < 1, this implies 
that 

\ph{x, y, k)-k\< t?(M) = M - 1 + MC{M). 
Similarly, we have that 

\ph{x, -y, k)-k\< ^{M) = M - 1 + MC(M). 

□ 

Proof of Theorem\l(A We only need to prove the "only if part. Let F be the 
lift to the real axis of / such that -F(O) = 0, F{x + 1) = F{x) + d and such 
that Ti o F = / o vr. By Theorem [H there is a quasisymmetric homeomorphism 
of M fixing and 1 such that 

i) H o P o H^^ = F where P{x) = dx, and 

ii) H oT o H^^ = T where T{x) = x + 1. 

It will suffice to find an extension F oi F such that 
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(1) FoT{z) = T'^oF{z) and 

(2) the Beltrami coefficients /i^_„ of F"" satisfy 

\|J,p,-r^{x + iy)\ < e{y) 

wliere e(y) is independent of n and x. 
Let H he a, reflection invariant quasiconformal extension of H. We define 

F = HoPoH-^ 

since H extends H, clearly F extends F and is a reflection invariant extension. 

Suppose po{x,y,k) and pi{x,y,k) are the skew quasisymmetric distortions 
of o H and H. By Lemma EJ there is a vanishing function e{y) such that 

\po{x,y,k) - pi{x,y,k)\, \po{x,-y,k) - pi{x,-y,k)\ < e{y) 

for all real numbers x^ all y > 0, all A; with < A; < 1 and all n > 1. Applying 
Theorem [U there is another vanishing function r/(y) such that the Beltrami 
coefficients p^-^^jj s^-tisfy 

\p^-::;^^{z) - pfj{z)\<r]{y), V n > 0. 

Since 

f'^^H = H^'P-'^ = Ho P-", 

we conclude that 

Ipfjid-^'z)- pfj{z)\ < r,{y). 

Also, since the Beurling-Ahlfors extension is affinely natural, pjj{T{z)) = 
Pfj{z) and H oT o H-'^{z) = T{z). We conclude that F = H o P o R-^ 
is uniformly asymptotically conformal. □ 

Proof of Theorem^ Suppose {Kn\'^=i = {[{fn, ^n)]}5JLi is a Cauchy sequence 
in TUS. Then 

dfiShn^Shm) ^ as )-oo. 

We may assume by working modulo S that h~^hra tends to the identity map 
as m and n go to infinity. Therefore, {hn}'^=i is a Cauchy sequence in the 
universal Teichmiiller space and /i„ tends to a quasisymmetric map h as n 
goes to infinity. 

Since fn = K^qdK for all n > 1, /„ = K^hmfmhm^K for all n,m > 1. 
Let gn,Wh be inverse branches of defined on T \ {!}. By considering their 
lifts to M, we can think of them as defined on the whole circle T. Then 

Let knm = h~^hm and let 

kn m ( X I "t I kti fJi ( 3yl\ 
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be its quasisymmetric distortion. Then pnrn ^ 1 as n, m — >■ oo. Let 

/ ,^, \9n,wi^{^ ^ t) ~ 9n,Wk{x)\ , ^ ri 

P{,gn,wk , t) = sup , t>0, 

x&T \9n,Wk {x) - 9n,Wk [x - t)\ 



be the quasisymmetric distortion of gn.Wfc • Then we have that 

P{9n,wk^i) < PlmPi9m,Wk^t)i Vn,m > 1. 
So there is a positive bomided fmiction e{t) — )• 1 as t — > such that 
p{9n,u,„t) <e{t), Vn > 1, Vu^fc, Vt > 0. 

Define / = h~^q^h. Let g^^. be inverse branches of defined on T \ {!}. 
By considering their lifts to M, we think of them as defined on the whole circle 
T. Let 

\qvti.{x + t) — g,,,, 
x&T \9wky,x) -9wk{x-t)\ 

be the quasisymmetric distortion of g^^ . 

Let In = h~^hn- Then / = Infnln^ for all n > 0. Let 

^ \lnix + t) - lnix)\ 
p{ln) = sup — — — -- 

x£T,t>0 \l-n[X) - ln{X -t)\ 

be the quasisymmetric constant of In- Then {p{ln)}^=i is a bounded sequence. 
(Actually, /)„ — )• 1 as n ^ oo.) 

Since gui^ — ^n9n,wi;^n ' 

p{9n>„t) <{p{ln)fe{t) <snp{{p{ln)f}e{t), ywk, Vn>0, V t > 0. 

n>l 

This means that / is uniformly symmetric, so [(/, h)] € TUS. But /„, — > / as 
n — >• oo in TUS. Thus is complete. 

For any [(/, h)] G TZ^5 and any e > 0, we will prove that there is an analytic 
circle map in C^^" such that [(/e, h^)] is in the e-neighborhood of [(/, h)] in 
TUS. We use a technique in complex dynamics (refer to [S]) to construct 
as follows. 

Consider a quasiconformal extension /i of /i to the complex plane. Then 
/ = hqdh~^ is a quasiregular map of the complex plane. Let 

be the Beltrami coefficient of f"'. Assume p,jri{z) is symmetric about the unit 
circle, that is, p^„{z) = //^„(l/z). 

Since / is uniformly symmetric, from Theorem [101 we can pick an extension 
/ (equivalently, pick an extension h of the conjugacy h) such that there is a 
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function ^{t) — > as t — )■ and such that |/Uj„(2:)| < 7(121^"" — 1) for all n > 
and a.e. z. From calculus, 

^ (^) = ifMMl^MfL0(,), where [G(z)| = l. 
This implies that 

for all n > and a.e. z where C > is a constant. For any e > 0, we have a 
(5 > such that 7(t) < e/C for all < t < (5. Let 

Ao = {zeC\l-6 <\z\<{l- 5)1/2} y g c I (1 + 5)1/2 < < 1 + 

and set = q'^^'^Aq). Define fi{z) = ^ij^{z) for z € C \ {U'^^iAn) and 
II = fif^{q2{z)) for z G A„ and n > 0. Then is a Beltrami coefficient 
defined on the complex plane and symmetric about the unit circle. Let (/? be a 
quasiconformal homeomorphism solving the Beltrami equation (pz = fj,{z)(pz- 
Then (plT is a homeomorphism of T. Define 

From calculus, 

^.(z) = i^^M£))^4ie(.), where |G(z)| = l. 

So = for (1 - 6)^^^ < \z\ < (1 + 6)^/^, that is, = f,\T is analytic. 
Because \ij-{z) — ij.j{z)\ < e for all z & C, is e-approximate to / in the metric 

The sequence of Markov partitions {vJnj}'^=o is just an image of the se- 
quence of Markov partions {'!^n,qj}^=o under ip\T. Since ip\T is quasisym- 
metric and {'r]n,qj^}^=Q has bounded geometry, then {wnj}^=Q has bounded 
geometry. A real analytic circle endomorphism having bounded geometry is 
expanding (refer to [161 Chapter 3] or [23]). Thus G C^'^. This completes 
the proof. □ 

7. CONTRACTIBILITY 

By definition, a topological space X is contractible if there is a continuous 
map 

^(x,t) ■.Xx[0,l]^X 

such that ^{x,0) = x and ^'(x, 1) = xq for all x G X where xq is a fixed point 
in X. In this section, we prove the following theorem. 

Theorem 11. The space TIAS is contractible. 
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Proof. Let xq = [{qd, id)] be the basepoint of TUS. For any x € TUS, let 
(f,hf) be a representation in x. From Theorem 1101 ifjhf) has an extension 
{f,hf) over an annulus neighborhood {z \ 1/r < \z\ < r} for some r > 1 such 
that / is symmetric about T and such that 

\fj,j:-„iz)\ < 7]{y), z = x + yi 
for a vanishing function where means any inverse branch of Since 

we have that 

' l-«,fe"(^))a/^) 

where |^(2;)| = 1 and ||/U^^||oo < A; < 1. (Again means any inverse branch 

of /" and g^" means the corresponding inverse branch of g".) This implies 
that 

\Hfi^d'^i^)) - ^ ^(y)' z = x + iy 

for a vanishing function fi{y). 

Let /i = and /i*^ be the unique solution of the Beltrami equation with 
Beltrami coefficient for < t < 1. From the measurable Riemann map- 
ping theorem, we know that /i*^ depends on t and continuously. (Actually, 
if we consider i as a complex parameter, then /i*'^ depends on t and ^ holo- 
morphically.) Then ft = /i*^ ° Qd ° {h}^)~^ is a continuous family of circle 
endomorphisms such that 

^if-n{z) = et{z) =^ < z = x + iy 

for a vanishing function r/(y). Thus (/t, /i*'') is a continuous family of uniformly 
asymptotically conformal maps. 

Let ft = ft\T and ht = h*^\T. Then {ft, ht) is a continuous family of marked 
uniformly symmetric circle endomorphism. Thus Tt = [{ft, ht)\ is a continuous 
path in TUS connecting r and the basepoint [g^]. 

Define 

^(r, t)=Tt: TUS X [0, 1] ^ rZ^5 

is a continuous homotopy map moving every point to the basepoint. So TUS 
is contractible. □ 

Remark 6. For any fixed Q < a < 1, let C^"*"" he the space of all C^^" 
circle expanding endomorphisms. Then C"*^^" is also a contractible space. It is 
a fact communicated to me by Anatole Katok. The proof can be as follows. 
Let f be a C^"*"" circle expanding endomorphism. There is a C^'^" circle 
diffeomorphism h such that g = h^^ofoh preserves the Lebesgue measure (see, 
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for example, t22j The derivative h' is the unique fixed point of the positive 
transfer operator (or called Ruelle's Perron- Frobius operator) 

f (w) 

from the space of all a-Holder continuous functions into itself. Since the fixed 
point can be obtained from the contracting fixed point theorem (see, for exam- 
ple, ^^), the fixed point depends on f continuously. Let H be the correspond- 
ing map for h on the real line. Define 

H[{x)=tH'{x) + {l-t), 0<t<l. 

Then we have that H[{x) is an a-Holder continuous positive periodic function 
of period 1 and that Ht{x) = Jq Hj.{^)d^ is a C^+" diffeomorphism of the real 
line satisfying Ht{x + 1) = Ht{x) + 1 and Ht{0) = 0. Thus it a C^~^°' circle 
diffeomorphism. Let ht fixing 1 be the corresponding C"*^^" diffeomorphism of 
T. Define ft = h^^ofoht. Since ht is C^^" circle diffeomorphism, ft is a 
expanding circle endomorphism for any < t < 1. Then 71 (t) = {ft}o<t<i is 
a continuous curve in C^~^" connecting f and g. 

Let G be the corresponding map for g on the real line. We have that G{x + 
1) = G{x) + d and G'{x + 1) = G'{x). The fact that g preserves the Lebesgue 
measure is equivalent to that 

0<i<d-l ^ \ ' /J 

This implies that G'{x) > 1 for all x € [0, 1]. Define 

G[ix) = tG' (x) + {1 - t)d, xeM, 0<t<l. 

For any < t < 1, we have that G't{x + 1) = G't{x) for all x G M and that 
G'tix) > 1 for all x G [0,1]. Define Gt{x) = Jq G't{C)d^. Then Gt{x + 1) = 
Gt{x) + d for all x G M. Thus Gt is a C^"*"° expanding circle endomorphism. 
Let gt be the corresponding one on T. Then 72 (i) = {gt}Q<t<i is a continuous 
curve in C^"*"" connecting g and qd{z) = z'^. 
Define 

7i(2t), < t < i; 
72(2t-l), i<t<l. 



Then ^(/, t) : C^"*"" — )• C^"*"" is a continuous homotopy map moving every point 
to the point qd{z) = z'^ . So is contractible. 

Following the above argument, we have also that C^^ and TC^^ are both 
contractible spaces. 
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8. Linear model and dual derivative 

Suppose / is a uniformly symmetric circle endomorphism of degree d > 2. 
Let D*{f){w*) be its dual derivative. 

,- = o-(/)(...ooo)= m„^,^rw_. 

Let T{x) = X + 1 be the translation by 1 on the real line M. For any 

X G M = (— oo, oo), let 

[x] = {y € M I T"'(x) = y, for some integer n} 
Then the unit circle can be thought as a topological space 

R/T = {[x]} 

with linear Lebesgue metric introduced from M. The copies of the unit circle 
are [k,k + 1) for all integers k. The circle endomorphism / can be thought of 
as a map 

[x] [F{x) (mod 1)]. 
For each n > 0, consider the homeomorphism 

The {'dn{x)} is a sequence of uniformly symmetric homeomorphisms of M. We 
would like to show that {'!9„(x)} is a convergent sequence and uniformly on 
any compact set of M as follows. 

For any e > 0, there is an no > such that F~"^ on [0, is (1 + e)- 

quasisymmetric for any m > n > uq. Then 

H{y) = [0,1] ^[0,1] 

is a (1 + e)-quasisymmetric homeomorphism with H{{)) = and H{1) = 1. 
From Lemma [1] 

\H{y)-y\<^, Vye[0,l]. 
Thus for y = F-"(x)/F-"(l) for x € [0, 1], we have 

\'^n+m{x) - 1?n(x)| < e, ^171 > n > Uq. 

This implies that {'dni-c)}'!^=Q is a uniformly convergent Cauchy sequence on 
[0, 1]. Thus it converges uniformly to a function ??(x) on [0, 1]. Similarly the 
sequence of inverses {'(^^^(y) = F^{F~"'i^)y)}^=o is also a uniformly conver- 
gent Cauchy sequence, it converges uniformly to a function which is the inverse 
of 'd{x). So ■d{x) is a homeomorphism. A direct calculation implies that 'd{x) 
is symmetric on [0, 1]. For any fixed A: > 0, F~^ maps [0, d^] onto [0, 1]. Using 
the relation 



^n+k{x) = p_J^^M F-\x)), X G %d\ 



39 

we get that {'dn{x)}'^^Q is a uniformly convergent Cauchy sequence on [0,d^] 
and converges to a uniformly symmetric homeomorphism since {-^"^j^^o 
is uniformly symmetric. We conclude that {'dnix)} is a convergent sequence 
and converges uniformly on any compact set of M"*" = [0, oo); and the limit 
function is a uniformly symmetric homeomorphism 'd of M"*". Moreover, 
conjugates F to a linear map x 6x on M"*", that is, 

t9oFo??-1(x) = 5x, yx > 0. 

Similar, we can prove the above on M^^ = (— oo,0]. 

The linear model of / is the conjugate function of the linear equivalence T 
by ■(?, that is, 

(19) L{x) = 1? o T o = ^{^~^{x) + 1). 
Since 

F o T{x) = T'^oF, 

We have 

(20) L(0) = 1, and L{x) = 5~^L'^{5x), Vx G M. 

Now we have a new point of view for the unit circle and the circle endomor- 
phism /: For any x G [0, 1), let 

[x\l = {y € IK I L'^{x) = y, for some integer n}. 

The unit circle can be thought as a topological space 

R/L = {[x]l} 

with the metric introduced from L. Copies of the unit circle now are all 
intervals ['d{k),'&{k + 1)) = [L''(0), L''+^(0)) for all integers k. The circle en- 
domorphism / can be thought of as a map 

[x]l [Sx (mod L)]. 

Theorem 12. Suppose f and g are two uniformly symmetric circle endomor- 
phisms of the same degree d >2. Let h be the conjugacy between f and g, that 
is, 

h o f = g o h. 

Then h is a symmetric homeomorphism if and only if the linear models of f 
and g are the same and D*{f ){- ■ ■ 000) = D*{g){- ■ ■ 000). 

Proof. Suppose h is symmetric. Applying Lemma [H we have that 
D*{f){---000)=D*{g){---000). 
Let F, G, and H be the lifts of /, g, and h. Then 

F-"(a;) = H{G-''{H-\x))). 
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Since H{1) = 1, we get 

~ oG-"(l) 
Since H is symmetric, we get, by using Lemma [U 

So 

Lf{x) = ^fi^jHx) + 1) = MH-HH{^;\x) + 1))) 
= {}g{H-\H{{^;\x))) + 1) = + 1) = Lg{x). 

Conversely, suppose Lj = Lg and 

6 = D*{f){---000)=D*{g){---000). 

Then 

L/(x) = ^/(^/(x) + 1) = i?,(^,(x) + 1) = L,(x) 

Let 

H{x)=^g'o^f{x). 

We have -ff(x + 1) = H{x) + 1. So is a symmetric circle homeomorphism. 
Since 

F{x) = ^]^{6^f{x)) and G{x) = ^g^{6^g{x)), 

we get that 

F{x) = R-^ oGoH{x). 
So / and g are symmetrically conjugate. We proved the theorem. □ 

Suppose {?/n}J^o sequence of nested partitions on [0, 1] for /. For any 

G S*, let = jn-i ■ ■ ■ 31 jo and = jn-i ■ ■ ■ ji- Since i){x) is symmetric 
on [0, 1] with t?(0) = and = 1, from Lemma [H 

D {f){w ) = hm — — = hm . 

Consider non-negative integers 

k = jo + jid + ■ ■ ■ + jn-id""-^ and / = ji + + • • • + in-id"~^. 
Then k = dl + jo and 

^«-n = i"""([^,fc + l]) and =F-("-i) ([/,/ + !]). 

Since t?(F-"(x)) = (5'"t?(x) and since 6^1) = = ^dl), 

W^.^i)! _ + _ \m-jo,k + d-jo])\ 

mk,k+i])\ mk,k+i])\ 

This implies that 

\m-jo,k + d-jo])\ 



\m,k+m 



D*{f){- ■■ 000 jn-i---ji jo). 
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Since L^(0) = "dik), the above equality says that ah values of L^(0) are 
uniquely determined by 

{D*(/)(---OOOj„_i---jijo) I jfc = 0,l,---(d-l),^ = 0,l,--- ,n-l}. 

Using Equation (i20]l . we get that the linear model L is uniquely determined 
by the dual derivative D*{f){'w*). Thus we have a corollary of Theorem I19[ 

Corollary 2. Suppose f and g are two uniformly symmetric circle endomor- 
phisms of the same degree d>2. Let h be the conjugacy between f and g such 
that h{l) = 1, that is, 

h o f = g o h. 

Then h is a symmetric homeomorphism if and only if the dual derivatives of 
f and g are the same, that is, 

D*{f){w*) = D*{g){w*), Vu;*gS*. 

Following the above theorem we set a one-to-one correspondence between 
the Teichmiiller space TUS and the space of all continuous dual derivatives: 

n = [{f,hf)]^D*(f){w*). 

Therefore, 

(21) TUS = {D*if)iw*) I feUS} 

equipped with the Teichmiiller metric d-r{-, •). This is a complete space. 

9. Characterization of dual derivatives 

Assume d = 2 in this section. Suppose / S US. Let D*{f){w*) be its dual 
derivative. Then it is easy to see the following summation condition: 

^^^^ D*{f){w*0)^ D*{f){wn) 

Another non-trivial condition is the following compatibility condition: 

n 

i-i„o-(/)(»-i£_^) 

n 

The convergence is uniform. And moreover, if / G C^~^, then the convergence 
is exponential. We give a proof of this non-trivial condition as follows. 

First let us set up a relation between the dual derivative D*{f){w*) and the 
linear model L. Suppose "d is the symmetric homeomorphism such that 

= i?Ti?-^(x) and dx = 'dFi}~^{x). 

Then ^'^([0, 1]) = ['&{k),i9{k + 1)] for every integer k. 
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For any w* = ■ ■ ■ jn-i ■ ■ ■ jo ^* , let = jn-i ■ ■ ■ jo and define integers 

n— 1 n— 2 

k = k{w*J = J2j<i'^' and / = A;((7*«)) = ^j,+i2'?. 

Tlien k = 21 + Jq. By tlie definitions, 

= lim = lim 



Note that 

= o . . . o = o T^"-i o . . . o o T^o([o, 1]) 

= ^-"^^jo+2ji+-+2"-ii„_iQQ^ ^j)) ^ A: + 1]), 

and, similarly, 

/.n<) = ^""^'([M + i]). 

Therefore, since {}{F'^{x)) = 5~^'{}{x) and since 

= = t9(F(T'(0))) = i9T2'(F(0)) = t?(20, 

we have 

_ |^?(F-"([A:,A: + 1]))| _ + _ A; + 1] 



/ + 1]))| 5m, l + \m - io, k-j, + 2])| 

Let / = [0, 1]. Since 51 = I\J L{I) and i?(/c) = L^(0), we can rewrite 

\m-jo,k-jo + 2])\ \L^-i^{I + L{I))\ \ \U~^y^\L\l))\) ' 
Thus we get 



For any = • • • w;!; = • • • • • • ji jo S S*, define 

(This is similar to a solenoid function defined in [371 129] ) . Then, by considering 
= ''^*jo! we have 

(24) D*UW,)=Xu.^(l+\—^) =(i + .o/(.n))- 
and 

(25) £)*(/)(r;n) = lim f 1 + = (l + 



\L^{I)\ J V soZ(u*l). 
These two equations combining with the summation condition (j22|) imply that 

D*{f){v*Q) 



(26) so;(t;*1) 



I)*(/)(t;n)' 
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Since 

5L^ (/) L2fc {51) (/) + L2fc+i (J) 



5L^-^{I) L'^k~'^{51) L'^k-^[I) + L'^k~^{iy 
we have the fohowing formula: 



SOUW*) n^oo L2fc(J)+L2fc+i(J) l + so/(w*l)' 

L2fc(7) 

Equations ([SID, ([251), and ([Ml) imply that 

D*{f){w*01) _ I + [sol{w* 01)]-^ _ sol{w*10) 
D*{f){w*W) ~ 1 + [sol{w*n)] ~ sol{w*l) ■ 

(Note that for w*l, 2k — 1 corresponds to w*01.) Similarly, 

D*{f){w*01l) _ l + [sol{w*011)]-^ _ sol{w*100) 
D*{f){w*100) ~ 1 + [sol{w*Wl)] ~ sol{w*W) ' 
Proceeding by induction, we conclude 

i 

(27) .ol(u,-10...0)=n"'W<"''°^) 

n-l j=0 ^•'^^ v^'^ 

j 

From the quasiymmetric distortion property (Lemma [1]), ()27p converges uni- 
formly to sol{- • • • • • 0) for all w* £ S*. If / G C^^ , from the Holder distortion 
property ([TJ, ([27|) converges exponentially to so^(- • • • • • 0) for all € S*. 
We proved the compatibility condition (f23]l . 

In the paper [71 [U [21] , we further proved that the conditions ((22]) and ([23]) 
are also sufficient as follows. 

Theorem 13. Let '^{w*) be a positive continuous function on S*. Then it 
is a dual derivative of an f ^ US if and only if it satisfies the conditions i22\) 
and ^23\) . Furthermore, if^{w*) is a Holder continuous function on T,* , then 
it is a dual derivative of an f € C^^ if and only if it satisfies the conditions 
and (2t 



The proof of this theorem is technical so we will not include in this paper. 
The reader who is interested in this topic can refer to [71 [U [21] . 



Remark 7. A similar result to the second half of Theorem [73 was studied by 
Pinto and Sullivan in [29\ for a solenoid function. They introduced a matching 
condition for a function on S* and proved that a Holder continuous function on 
S* is a solenoid function of an f ^ C^"*" if and only if it satisfies the matching 
condition. Furthermore, using some relation between the solenoid function 
and the linear model for an f ^ US, Cui proved in [6] that two uniformly 
symmetric circle endomorphisms are symmetric conjugate if and only if they 
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have the same eigenvalues at the corresponding periodic points. We would like 
to note that [21] contains a much easy and straightforward understanding to 
these results. 

From Theorem [131 have the fohowing representations for the Teichmiiher 
spaces when d = 2: 

TC^+ = {<l!*{w*) I ^!*{w*) is Holder continuous and satisfies ([22]) and (l23]) } 
and 

TUS = {^*{w*) I ^*{w*) is continuous and satisfies ([22]) and (123)) } 

10. The maximum distance and the Teichmuller distance. 

We have introduce a Teichmuller metric d-r{-^ •) on TUS which is a complete 
metric. We also showed that TUS can be represented by continuous functions 
'^*{w*) on S*. For a function '^*{w*), we can define the maximum norm 

||^'*|| = max 

This gives a distance 

on TUS. We call it the maximum metric. Since TUS contains all positive 
continuous functions satisfying ([22|l and ([23]) taking values in (1, oo). We have 
following theorems. 

Theorem 14. The identity map 

idTM ■■ {TUS, dr{; •)) ^ {TUS, •)) 
is uniformly continuous. 

Theorem 15. The identity map 

idMT ■■ {TUS,dn,^^{;-)) ^ {TU S , dr {■ , ■)) 

is continuous. 

Corollary 3. The topologies induced by the Techmiiller metric d-j-^-, •) and 
by the maximum metric dmax(') •) CLf^ the same. 

Proof of Theorem [7^ Suppose 11, 11' € TUS. Suppose -fC = exp(2(i7-(n, IT')) > 
1. For any e > 0, we have two marked circle endomorphisms {f,hf) € IT and 
{9, hg) € n' such that 

h = kg o hj^ : T ^ T 

can be extended to a K{1 + e)-quasiconformal map h defined on an annulus 
{z € C I ^ < |z| < r} for some r > 1. This implies that there is a 5 > and 
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M = M{K, e) > such that M 1 as K 1 and e ^ and such that H, 
which is a lift of h, is a {6, M)-quasisymmetric, that is, 

for any x, y with |x — y| < 5. Note that h o f = g o h and H o F = G o H 
(mod 1). 

For any point zu* = ■ ■ • E S^, we have that 

IwU e rjnj and ^ ^"-IJ 

and 

-^<,3 = H{Iw^^g) e r/„,g and = -H'(-^f7*«),g) ^ 

Note that 

C Ia"(w*)j and /^„.,g C /<x*«),g- 
Let no > be an integer such that 

l^a* 1 < 

for aU n > uq. Then H\I^t(^^*^^j is a M-quasisymmetric homeomorphism. 

By rescahng /o-*(to*),/ and Ia*{w*),g ™to the unit interval [0,1] by linear 
maps, we can think H\I^*^^t^-^j is a M-quasisymmetric homeomorphism of 
[0, 1] and fixes and 1. Then Lemma [T] implies that 

1 1 



<C(M). 



This implies that 

\D*ig)iw*)-D*if)iw*)\<CiM). 

Therefore, 

d„^ax{D*{g),D*{f))<C{M{dTin,U'){l + e)). 
This proved the theorem. □ 

Proof of Theorem \15[ Suppose idMT is not continuous. That is, we have a 
real number e > and a point and a sequence of points {^'m}m=i the 
Teichmiiller space TUS such that 

dmax(^';^,^'*) = II^-;;-^*!! ^0 aS m ^ OO 

but 

dr(n:„n*)>e, Vm, 

where 11 and Ilm are the corresponding points for ^* and ^J^. Let (/, /ij) G 11 
be a fixed representation and {fm, hf^) G Hm for each m be a representation. 

Let F and F^ be the corresponding circle endomorphisms of the real line. 
Let {r]n}^=Q and {r]m,n}^=o be the corresponding sequences of nested Markov 
partitions. Since \\D*{fm) — D*(f)\\ — )• as m ^ oo, we have a constant 
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o = a{D*{f)) > such that D* (fm){w*) > a for sufficient large m and all 
w* G S*. Let us assume this true for all m. Since S* is a compact set, we 
have that there is another constant b = b{a) > such that D*{fm){w^) > b 
(see ([5])) for all m and all n. This says that the collection of the sequences 
{Vm,n}^=0 of nested Markov partitions has uniformly bounded geometry. Prom 
a method in [20] , which is also shown in the proof of Corollary [T] and which 
gives a calculation of quasisymmetric dilatation from bounded geometry, we 
have a constant M > such that the quasisymmetric dilatations of all Hm are 
less than or equal to M, that is. Since 

QSm= sup I , . , < M. 

for every m > 0. This says that by modulo all Mobius transformations, \lirn\m 
is a compact subset in the universal Teichiiller space. Thus {[(/m, ^m)]}m=i 
a compact set in TUS. So it has a convergent subsequence. Let us assume that 
{[(/m, /^m)]}m=i itself is Convergent and converges to [(/o, /lo)] as m ^ oo. Let 
-?/o be a lift of /iq- Then Hm tends to modulo all Mobius transformations 
under the maximal norm on the real line. Assume Hm Hq uniformly on the 
real line as m — > oo. 

For any w*, let Iw^j^ G ??m,n and Iw:^jo ^ Vnjo- We have that -> 
\Iw^jo\ as m — )• oo for each fixed n and w*. 

Since the sequences {??m,n IJ^o nested Markov partitions have uniformly 
bounded geometry, this again says that there are constants C = C{S) > and 
< fj, = fi{D*{f)) < 1 such that 

i^n,m. ^ C/i" for all n and ?tt,, where 
i^n,m = max |/|. 

This implies that L'*(/^)K) ^ and D*(/o)«) ^ D*{fo){w*) 

as n — >■ oo uniformly on m > 1 and w* € S*. Thus we can change double 
limits for each w* G S*, 

D*{f){w*) = lim D*{fm){w*) = lim lim D*{fm){w*J 



m— >oo n— >oo 



lim lim D*{fm)iw*J= lim D*ifo)iw*J = D*ifo){w* 



From Corollary [21 this implies that [(/, /i)] = [(/o,/io)] = 11- This is a con- 
tradiction to our original assumption. The contradiction says that icImt is 
continuous at each point \1'*. □ 



11. cr-INVARIANT MEASURES AND DUAL (J*-INVARIANT MEASURES 



Consider the symbolic dynamical system (S,(t) and a positive Holder con- 
tinuous function ip^w). The standard Gibbs theory (refer to [5|[30 | [3T | [M [ [35]) 
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implies that there is a number P = P{\.ogip) called the pressure and a a- 
invariant probability measure /j, = /j,^ such that 

^-1 < M(kn]) ^ ^ 

- exp(-Pn + Er=o logV'(^H^))) ~ 
for any left cylinder and any point w = Wn - ■ ■ , where C is a fixed constant. 
Here, /x is a cr-invariant probability measure means that 

for all Borel sets of S. A cr-invariant probability measure satisfying the above 
inequalities is called the Gibbs measure with respect to the given potential 

log V'- 

Two positive Holder continuous functions V'l and 'ip2 are said to be coho- 
mologous equivalent if there is a continuous function u = u{w) on S such 
that 

log V^i (li;) — log'02(w;) = u{a{w)) — u{w). 

If two functions are cohomologous to each other, they have the same Gibbs 
measure. Therefore, the Gibbs measure can be thought of as a representation 
of a cohomologous class. 

The Gibbs measure /j, for a given potential log is also an equilibrium state 
for this potential as follows. Consider the measure-theoretical entropy h^{a). 
Since the Borcl cr-algebra of S is generated by all left cylinders, then h^{a) 
can be calculated as 

h^{a) = lim - V ( - log/x([u;„])) 



lim V ( - ij.{[wn]) log 

n—^oo ^ — ' \ 



Wr, 



where Wn runs over all words Wn = io' ■ ■ in-i of {0, 1, • • • ,d — 1} of length n. 
Then /j, is an equilibrium state in the sense that 

P{log'ip) = hfj,{a) + / logip{w)diJ,{w) = sup{h^{a) + / log 'ip{w)di^{w)}, 
.7s ./s 

where u runs over all a-invariant probability measures. The measure fj, is 
unique in this case. 

There is a natural way to transfer a a-invariant probability measure fi (not 
necessarily a Gibbs measure) to a cr*-invariant probability measure fi* as fol- 
lows: 

Given any right cylinder [w^] in E* where = jn-i ■ ■ - jo, then 

Wn = io--- in-l = jn-l " " " JO = W^., 

which defines a left cylinder 

[Wn\ ={w' = i'Q--- 4_i4 ■ ■ ■ I = zo, ■ ■ ■ , 4-1 = in-l}- 
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Define 

M*(K]) = /^(K])- 

Then 

/.*([<]) = MM) = M^-\K])) 

i=0 j=0 

This impHes that /i* satisfies the finite additive law for all cylinders, i.e., if Ai, 
■ ■ ■ , Ak are finitely many pairwise disjoint right cylinders in E*, then 

k 

,,*iuUAk) = ^l,*iAi). 
1=1 

Also II* satisfies the continuity law in the sense that if {An}^^i is a sequence 
of decreasing cylinders and tends to the empty set, then fi*{An) tends to zero 
as n goes to oo. The reason is that since a cylinder of S* is a compact set, a 
sequence of decreasing cylinders tending to the empty set must be eventually 
all empty. The Borel cr-algebra in S* is generated by all right cylinders. So 
fi* extends to a measure on S*. We have the following proposition. 

Proposition 1. The probability measure fx* is a a* -invariant probability mea- 
sure. 

Proof. We have seen that /x* is a measure on E*. Since /i*(E*) = 1, it is a 
probability measure. For any right cylinder [w^], 

i^*{{^T\[K]) = /^*(u,t^Kj]) = |:M*(Ki]) = |:/^(K^]) 

j=0 i=0 

= K^toM) = KM = M(K])- 

So fi* is (T*-invariant. We proved the proposition. □ 

We call fi* a dual cr*-invariant probability measure. A natural question now 
is as follows. 

Question 1. Is a dual invariant probability measure a Gibbs measure with 
respect to some continuous or Holder continuous potential on E* ? 

Some more interesting geometric questions from the Teichmiiller point of 
view are the followings. Consider a metric induced from the dual probability 
invariant measure /j,* (in the case that //* is supported on the whole E* and 
has no atomic point), that is, 

where [w*] is the smallest right cylinder containing both w* and w*. 
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Question 2. Is a* dijjerentiable under the metric •) ? More precisely, does 
the limit 

dw* n^co ^l*\[w'^\) 

exists for every u;* = • • • u;* G S* ? If it exists, is the limiting function contin- 
uous or Holder continuous on S* ? 



Question 3. Given a positive continuous or Holder continuous function ip*{w*) 
on S*. Can we find a a* -invariant measure /x* on T,* , such that the right shift 
map a* under the metric d{-,-) induced from this measure is with the de- 
rivative tp*{w*) ? 

Actually, there is a measure-theoretical version related to these questions. 
I will first give a review of this theory. 

12. ^(-MEASURES 

Let X = Ti* (or E) and let / be a* (or cr). Let B be the Borel a-algebra of 
X. Let M.{X) be the space of all finite Borel measures on X. Let Ad{X, f) be 
the space of all /-invariant probability measures in Ad{X). Let C{X) be the 
space of all continuous real functions on X. Then J^{X) is the dual space of 
C{X). Denote 

<(j),fi>= / (l){x)dfi, (j) e C{X) and n £ M{X). 
Jx 

A real non-negative continuous function on X is called a (^-function j25] 

if 

fy=^ 

For a (^-function 4^{x), define the transfer operator from C{X) into itself 

as 

c^cp{x)= E </'(y)V'(y), <PeCix). 

One can check that C^cp = Ci{tjj(j)) and is a (^-function, then C^l = 1. Let 
C*^ be the dual operator of C^, that is, C*^ is the operator from ^A{X) into 
itself satisfying 

<(I),C*^H>=< C^(t),^l>, V0gC(X) and V/u G A4(X). 

Definition 12. Suppose is a gf-function. Then a probability measure € 
Ai{X) is called a (7-measure for iIj if it is a fixed point of C*^, that is, 

Lemma 3. Suppose ip is a g-function. Then any g-measure /i for cj) is an 

f -invariant measure. 
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Proof. For any Borel set B ^ B, 

lx{r\B)) =< >=< 1b o/,£;/i > 

=< C^Ib o f,fi >=< 1b, fi >= fJ.{B). 
So /X is /-invariant. □ 

For any fi G M{X), let fl = C\^i. 

Lemma 4. 

j=0 

where B is any Borel subset in B and [j] is the right (or left) cylinder of j. 
Moreover, if n £ A4{X,f), fi is absolutely continuous with respect to jl. 

Proof. For any Borel subset B ^ B, 

jl{B) =< Ib,C\ix >=< > • 

But 

d-l d-l 

CilBix) = ^lB(xj) = X] V(Bn[i])(a;)- 

j=0 j=0 

So we have that 

d-l 

ii{B) = Y,MBn[j])). 

j=0 

If fj, is /-invariant, then we have that 

d-l d-l d-l 

m = Y,i^U{B n m = Y^,,{f-\f{B n im yj^i^i^n [j]) = f,{B). 

j=0 j=0 j=0 

Therefore, fi{B) = whenever = 0. So is absolutely continuous with 

respect to fl. □ 

Suppose fi G A4{X, /). Then is absolutely continuous with respect to fl. 
So the Radon-Nikodym derivative 

dfl 

of fj, with respect to fi exists /2-a.e. and is a /i-measurable function. 

The following theorem is in Leddrapier's paper [26J and is used in Walters' 
paper [39] for the study of a generalized version of Ruelle's theorem. We give 
a complete proof here. 

Theorem 16. Suppose ip > is a g-function and fi G M{X) is a probability 
measure. The followings are equivalent: 

i) fi is a g-measure for Tp, i.e., C*^^ = fi. 

ii) fl G A4{X,f) and D^(x) = Tp{x) for fl-a.e. x. 



D^{x) = —{x), fl — a.e. x 
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iii) E M{X, f) and 

E[4>\f-\B)]{x) = £^cl>{fx) = i^{y)<P{y), for fi-a.e. x, 

where E[({)\f^^{B)] is the conditional expectation of 4> with respect to 
f-\B). 

iv) ^ G /) and is an equilibrium state for the potential logip with 
the meaning that 

= Kif) + I log V = sup{/i,(/) + / \og^ du\u& M{X, /)}. 
Jx Jx 

(Note that the pressure P{\ogil)) = for a g-function ip.) 

Proof. We first note that sinee C{X) is dense in the space L^{fi) of all fl- 
measurable and integrable functions (as well as in the space (//)), then 
< •, ■ > can be extended to L^{il) (as well as to L^{fi)). We already know that 
a ^-measure for ip is /-invariant. 

First, we prove i) implies ii). For any <p{x) G C{X), 

< (l)tp,p, >=< (/)'iIj,CIij, >=< Ci{(jy(p),iJ, >=< C^(f>,iJL > 

=< (t),C*^lJi >=< (I),IJ. >=< (t)Di^,[i > 

Thus = if) for /i-a.e. x. 

Second, we prove that ii) implies i). Since, for any ^(x) G C{X), 

< 0, /X > = < ^-Dyn, fi > = < 4)11)., fi > = < 4)11)., Cl/J, > 

=< Ci{4)ip),ii >=< c^4),ij, >=< 4>,^'^iJ' > ■ 

This implies C^/jL = /jL. Thus is a 51-measure for i/j. 
We prove i) implies iii). For any Borel set B E B, 

< {c^4>) ° f ■ >=< (>Ci(V"/')) ° f ■'^Bo f,f^ >=< Ci{ii}4)) • > 

=< Ci{'4)4)1b of),fi >=< c^{4)1bo f),ii >=< 4>iBof,i_i >=< > 

That is, 

E[4)\f-\B)] = iC^4>)of, /x-a.e. X. 

Note that 

{{/:^4>)of){x)= ^(y^y)- 

We now prove that iii) implies i). Since, for any ^ G C{X), 
E[4)\f-\B)] = C^4>{fx), /x-a.e. x, 

then, 

< <^, /X >=< {C.tj,4)) o f,fx >=< C.^4), jji >=< C*^iji > . 
Thus £^/x = /X. 
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We prove that ii) implies iv). For any i/ G -Mi^X, /), let 

= — , /X - a.e.x, 
av 

be the Radon-Nikodym derivative. We claim that 

K{f) = - I \og D,du. 

Jx 

We prove this claim. Since — log Di, is a non-negative i>-measurable function 
and since u is absolutely continuous with respect to i>, it is also a i/-measurable 
function. Thus 

/ - log D„du = / -D„ log D„di>. 
Jx Jx 

By the definition, 

r, t \ r ^ihh ■ ■ ■ in-l]) ~ ... 
Dy[x) = hm — : r— , u - a.e. x = ^o^l • • • ^n-l • • • • 

n->oo ■ ■ ■ ln-l\) 

Let 

_ ^^([^o^l•••^n-l]) 

Then 



and 



Di,{x) = lim Dnv{x), if — a.e. x. 



-D„{x)logD„{x) = ]im {-Dn J x) log Dn J x)), u - a.e. x 

n— >oo 



Since —t log t is a positive bounded function on [0, 1] , by the Lebesgue control 
convergence theorem, 

/ \im {-DnJx)\ogDn,y{x)) du = lim / -Dn,y{x)\ogDnJx)di>. 

J X n— >oo J ^ 

However, 

-Dn,v{x) log Dn,u{x)dv 



TT- ■ tT [—77-. : f-)z^(bon • • • In-l]) 

[io---i„-iJ 

-.([,o».....„-.])log( ). 

[l0---ln-lj 

Note that ^{[iQii ■ ■ ■ in-i]) = ^{[h ■ ■ ■ in-i])- But we know that 



K{f)=\\m.- -v{[ioii---in-i])\ogv{[iQii---in-i]) 

n—^oo n ^ — ' 

[io---in-i] 

= hm > zozi • • • Zn-i ) log (— T|- ^ T^j. 

jo---»»-i 



We proved the claim. 
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The claim says that h^{f) = — < logD^, v > for any € ^A{X, /). Then 

K{f)+ < logV,J^ >=< log^,z^ ><< ^ - 1,1/ >=< ^,1/ > -1 

=<'4),v> -1 =< L\'\\),v > -1 =< 1,1/ > -1 = 1 - 1 = 0. 
Note that here we use the inequality 

(28) log t < i - 1 and log t = t - 1 if and only if t = 1. 

The assumption in ii) is that = ip, jl — a.e.x. But <C /i, = ip, n-a.e. 
X too. So we have that 

I logV' dfi = 0. 



'X 

So /i is an equilibrium state for the potential log ^ in the meaning that 

= V(/)+ f log^P d^i = snp{K{f) + [ logip du\u€M{X,f)}. 
Jx Jx 

Last we prove that iv) implies i). Suppose /i € Ai{X,f) is an equilibrium 

state for the potential logV'- We have that 

h^{f)+ < logV',^ >= 0. 

We already know that 

hf,{f)+ < logD^,n >= 0. 

So we have that 

h^{f)+ < logV,^ >= V(/)+ < logD^,fi> . 

Therefore, 

=< logV' - log Df„fi >=< log— ,/i > 

lb lb 

<< — - 1,^ >=< — ,^ > -1 =< > -1 

=< ip,Clti >=< Ciip,fi > -1 =< 1,/i > -1 = 1 - 1 = 0. 
Formula (I28p implies that 



(29) ^^ = 1' ^• 

Remark 8. This cannot implies that 

— —- = 1, fx- a.e. X, 

since jl may not he absolutely continuous with respect to fi. So this will not 
implies ii). However, if iplx) > for all x & X, then 

^ , ^ djl 1 1 
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This implies that jl is absolutely continuous with respect to fi. Then Equa- 
tion [2^) implies ii). 



For any (j){x) £ C{X), 

< 4>,c^fj- >=< c^4',fj. >=< Ci{'ip(j)),fi > 

if) 

=< ■ip(j),CliJ. >=< >=< (j)-—,^ >=< (l),^> . 
This says that C^fj. = fj.. We proved i). □ 

For any u-invariant probabihty measure fi, let /i* be the dual (T*-invariant 
probability measure which we have constructed in the previous section. Then 
we have a /i-measurable function 

Dniw) = lim ""^^ , for u-a.e. to = • • • G S 

and a /i*-measurable function 



D^,{w*)= hm for/i*-a.e. u;* = 



Now a question related to those questions in the end of the previous section is 
as follows. 

Question 4. Can D^* (w*) (or D^{w) ) he extended to a continuous or Holder 
continuous g- function? 

In the next two sections, we give an affirmative answer to this question. 

13. GiBBS MEASURES AND DUAL GEOMETRIC GiBBS MEASURES 

Consider / € C^+. One over the derivative l/f'{x) can be lifted to a positive 
Holder continuous function 

1 



f'iTTfiw)) 



on the symbolic space S. By thinking of log as a potential on (S, a), there is 
a unique c-invariant measure fi = (Gibbs measure for the potential log ip) 
as we have mentioned in the previous section such that 

c-i < < C 

exp(Er=o logV'(o-*(u;))) 

for any left cylinder [wn] and any w = Wn--- G [wn], where C is a fixed 
constant. (Note that P = P{\og'ip) = in this case.) 
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Every element ^ = [(/, /i/)] in the Teichmiiller space TC^^ can also be 
represented by the Gibbs measure fi for the potential logip{w). The reason is 
that for every {g, hg) £ ^ , h = hf o hg^ is a diffeomorphism of T such that 

f{hix)) = h{g{x)). 

Then 

f{h{x))h'{x)=h'{g{x))g'{x). 

Therefore, 

\ogiljf{w) — logTpg{w) =logh'{'w) — logh' (a^w)). 

So and ipf are cohomologous to each other. 

The Gibbs measure fi in this context enjoys the following geometric property 
too: The push-forward measure 

is a C^"*"" smooth /-invariant measure for some < a < 1. This means that 
there is a C" function p on T such that 

HgeoiA) = / p{x)dx, for all Borel subsets A on T. 
J A 

There is another way to find the density p. First it is a standard method to 
find an invariant measure for a dynamical system /. Let be the Lebesgue 
measure on T. Consider the push-forward measure pn = (/")*Mo by the n*'* 
iterates of /. Sum up these measures to get 

^ 71—1 

n 

k=0 

Any weak limit of a subsequence of {i^n} will be an /-invariant measure. Since 
we start with an / € C^+, we can prove that the sequence {pn} is actually 
convergent in the topology to a C^^" smooth measure pgeo for some < 
a < 1 as follows: Each pn = (/")*/^o has an a-Holder continuous density 

f"{y)=x ' 

Following the theory of transfer operators (refer to [12])! Pn{x) converges uni- 
formly to an a-Holder continuous function p{x). Thus 

Pgeo{A) = / p{x)dx 

J A 

is the limit of pn and is a C^^" smooth /-invariant probability measure. 

Let y = h{z) = pg(.o{[^^z\) be the distribution function of Pgeo, where [l,z] 
is the oriented arc on T from 1 to z. Then ? = h{z) is a C^^"-diffeomorphism 
ofT. Let 

g{c;) = hofoh-\<,), z = h~\c;). 
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(Note that g here means a circle endomorphism, not a function!) Then g 
preserves the Lebesgue measure dq (which means that g*{dq) = dq, or equiv- 
alently, the Lebesgue measure is ^(-invariant). Since the Lebesgue measure 
is an ergodic 5- invariant measure, {g,hg) is unique in the Teichmiiher point 

n = [(/,M]- 

By considering ipg(w) = 1/ g' {■Kg{w)), then ijjg{w) is a function on S and 
/X is a 5- measure. Thus fi is an equiUbrium state for the potential log ipg{w). 
It follows that ^geo is also an equilibrium state for the potential — log/'(x), 
that is, 

= Pi- log fix)) = (/) - ^ log fix)d,,geo 

= sup{/ii^(/) — / \ogf'ix)dv I is an /-invariant propbability measure} 

JT 

= hLebig) - J^^ogg'iy)dy, 

where h/^^^^ and hLebig) denote the measure-theoretical entropies with respect 
to figeo and the Lebesgue measure. The equilibrium state fj,geo is unique in this 
case. 

Now by considering the dual invariant probability measure //* for this Gibbs 
measure //, we have that 

Theorem 17. Suppose f € C^^ . Consider S* with the metric d(-, •) induced 
from (1* on S*. Then the right shift a* is differentiable with respect to 
d(-,-) and its derivative is the dual derivative D*if)iw*) of f, i.e., 

^iw*) = D*if)iw*), V«;*GE*. 

(Note that a* is C^~^ differentiable means that it is differentiable and the de- 
rivative is a Holder continuous function.) 

Proof Suppose w* = ■ ■ ■ jn-i ■ ■ ■ jijo is a point in S*. Let lu* = jn-i ■ ■ ■ jijo 
and v^_i = jn~i • • • ji- Let and be the corresponding intervals in 

the n^'^-partition rjn and the (ra — l)*''-partition r/^-i- 
From the definition, 

/^*([<]) = M(K]) = l^geoilwn) 

and 

/^*(K-l]) = M(K-i]) = l^geoiIvr.-i)- 

Consider the ratio 

/^*(K-l]) _ l^geoiK-i) _ h'iO 
A.*(K]) l^geoil^J hie) 
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Since the distribution function of ^geo is a C^+"-diffeomorphism, the ratio 
h'{$,)/h{^') converges to 1 exponentially as n — >■ cx). We also know that 
D*{f){w^) converges D*{f){w*) exponentially as n — >■ oo. So there are two 
constants C > and < r < 1 such that 



^*(K-i]) D*{f){w*) KCt"", Vn>0. 



This implies that 



— ) = lim = D {f){w ). 

dw* n^oo l_l*[[w^\) 

So a* is smooth whose derivative is D*{f){w*). We proved the theorem. 

□ 

Since the convergence in the proof is exponential and D*{f){w*) is a strictly 
positive function and S* is a compact space, we have the Gibbs inequalities: 

~ eMU=o -'^^sD*{f){{a*y{w*))) ' 

for any right cylinder [u;*] and any w* in this cylinder, where C > is a fixed 
constant. 

Corollary 4. The measure ji* is the Gibbs measure for the potential — log D* (/) {w* ) . 

Thus we call /j,* a dual geometric Gibbs measure for the potential — log £>*(/) (w*) 
in this paper. Let /i^* (a*) be the measure-theoretic entropy of a* with respect 
to fi*. Since the Borel cr-algebra of S* is generated by all right cylinders, then 
hn*{(T*) can be calculated as 



V(^T*)= lim -i;(-MK])iogMK])) 



lim^(-MK])log-£ 



where u;* runs over all words = jn-i • • • Jo of {0, 1, • • • , d — 1} of length n. 

Corollary 5. The dual geometric Gibbs measure fi* for the potential — logD*{f){w*) 
is a g -measure with respect to the g-function 1/ D*{f){w*) whose pressure 

P(-logL>*(/)) = 0. 

Moreover, the Radon-Nikodym derivative 



D^^^iw*) = j^,J^(^^,y for fi*-a.e.w*, 
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and /i* is a unique equilibrium state for the potential — log D*{f){w*) in the 
sense that 



= P(- log !)*(/)) = V(^*) - J^^ logD%f)iw*)dfJ.*{w*) 
sup {hu{(J*) — / log D* {f){w*)dh'{w*) \ u is a a* -invariant measure'^. 



Now following Theorem [T7] and Corollary El we conclude one of the main 
results in this paper, which is in some sense similar to the measurable Riemann 
mapping theorem for smooth Beltrami coefficients in the real one-dimensional 
case. 

Theorem 18. Suppose '^*{w*) G TC^^ . Then there is a unique non-atomic 
measure /x* whose support is the whole S* such that consider the metric d{-, •) 
induced from fj.* on S*, the right shift a* is C^~^ differentiable and '^*{w*) is 
the derivative, that is, 

dw* 

Moreover, by considering the dynamical system 

a : Zj — > Zj 

and the given potential — log^{w*), the dual invariant measure fi* (or the 
induced metric d{-,-)) is an equilibrium state for the potential — log^{w*). 

Suggested by Theorem 1181 we have the following definition. 

Definition 13. Suppose ^*{w*) is a positive continuous function defined on 
S*. A non-atomic probability measure ^i* with support on the whole S* is a 
dual geometric Gibbs type measure for the potential — log if 

!^(w*) = ^*(w*), Vit;*GS*. 
dw* 

In the last section, we will discuss the existence of a dual geometric Gibbs 
type measure for a continuous potential —log'^*{w*). 

14. Dual geometric Gibbs type measures for continuous 

potentials. 

A map / S US may not be differentiable everywhere (it may not even be 
absolutely continuous). There is no suitable Gibbs theory to be used in the 
study of geometric properties of a fi-invariant measure. We thus turn to the 
dual symbolic dynamical system {T,* ,a*) and produce a similar dual geometric 
Gibbs type measure theory as we did in the previous section. 

Suppose /i is a probability measure on T. We call it a symmetric measure if 
its distribution function h{z) = fi{[l,z]) is a symmetric circle homeomorphism, 
where [1, z] means the oriented arc on T from 1 to z. 
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An /-invariant measure fj, can be found as we did in the previous section. 
Let Ho be the Lebesgue measure. Consider the push-forward measures /x„ = 
(/")*/xo and sum them up to get 

^ n—l 

n ^—i 

i=0 

Take a weak Umit //peo of a subsequence of {vn}- Then fj,ggo is an /-invariant 
probabihty measure. In the following we will prove that figeo is a symmetric 
/-invariant probability measure. 

Actually we will prove that the sequence of the distribution functions {hn{z)}'^^Q 
of {i^n}'^=o ^^as a convergent subsequence. And every convergent subsequence 
converges to the distribution function h{z) of fXgeo and h{z) is symmetric. 

Let Hn{x) be the lift of hn{z) to the real line M. Then 

ri-ld*=-l 

Hn{x) = -y^y^\F-\[i,i+x])\. 



n 



k=0 1=0 



Theorem 19. Suppose f is a uniformly symmetric circle endomorphism. 
Then the sequence {Hn{x)}^^Q has a convergent subsequence in the maximal 
norm on M. Every convergent subsequence converges in the maximal norm 
on W to a symmetric circle homeomorphism. Thus the sequence {hn{z)}'^^Q 
has a convergent subsequence in the maximal norm on T . Every convergent 
subsequence converges to a symmetric circle hom,eom,orphism, h{z) and the cor- 
responding subsequence of probability measures {iJ,n}^=o converges in the weak 
topology to an f -invariant symmetric probability measure figeo whose distribu- 
tion function is h{z). 

Proof. Since / is uniformly symmetric, there is a bounded positive function 
e{t) > with £{t) as t ^ 0+ such that 



1 + e{t) - - - t)\ 

Let C > be an upper bound of e(t). 
Prom the definition of Hn, 

k=0 1=0 

Since H^iO) = and = 1, 

1 ^ \F-H[i,i+m ^ 1 



This implies that 

1 ,1, 1 
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Similarly, 

1 ^ H^{\) ^ 1 

Since {i?„(x)}^o * sequence of quasisymmetric circle homeomorphisms 
whose quasisymmetric constants are bounded uniformly by C, and since the 
distances of the images of any two points in {0,1/4,1/2,1} under Hn are 
greater than a constant uniformly on n, {i?„(a;)}^o is in a compact set in the 
space of all quasisymmetric circle homeomorphisms. Thus {Hn{x)}'^^Q has a 
convergent subsequence {Hn^{x)}'^Q in the maximal norm on M whose limiting 
function H(x) is a circle homeomorphism. Furthermore, since the sequence 
{i/„}^Q is uniformly symmetric, that is. 



the limiting circle homeomorphism H(x) is also symmetric, and 

1 \H{x + t) - H{x)\ .^ ^ ^ 



l + e(t) - \H{x) - H{x-t) 

Since Hn{x) is the lift of {/ini(2^)}i^o ^ convergent subsequence in the 
maximal norm on T whose limiting function h{x) is a circle homeomorphism 
whose lift is H{x). Since hn{z) is the distribution function of Un, so {i^nili^o 
is a convergent subsequence in the weak topology and converges to /igeo whose 
distribution function is h{z). So /Xgeo is a symmetric measure. □ 

We now lift iigeo to S to get a cr-invariant measure ji as follows. For any 
finite word Wn = io - ■ ■ ^n-i, consider the left cylinder Define 

M( = Hgeo{Iw„), 

where I^^ is the interval in r]n labeled by Wn- One can check that it satisfies 
the finite additive law and the continuity law. So it can be extended to a 
(T-invariant probability measure // on S such that 

For /i, we can construct its dual invariant measure fi* on S* as we did in the 
previous two sections. Then we have the following dual geometric Gibbs type 
property as we had before in the smooth case: 

Theorem 20. Suppose f G US. Consider S* with the metric d{-, •) induced 
from ijl* on S*. Then the right shift a* is differentiable with respect to 
and its derivative is the dual derivative D*{f){w*) of f, i.e., 
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Proof. Suppose w* = ■ ■ ■ jn-i ■ ■ ■ jijo is a point in S*. Let = jn-i ■ ■ ■ jijo 
and v^_i = jn-i • • • ji- Let 1^^ and Iv„-i be the corresponding intervals in 
the n*'^-partition r/„ and the (n — l)*'*-partition rjn-i- 
From the definition, 

and 

/^*(K-l]) = /^(K-l]) = /^seo(^„_i)- 

Consider the ratio 

Since the distribution function h{z) of /Ugeo is symmetric, from the quasisym- 
metric distortion property (Lemma [1]), the sequence 

^^geo{Ivn-l ) _ l-^t'n-i I _ f^geo{Ivn-i) _ 

converges to as n — > oo uniformly on w* . This implies that 

-— u; = hm = D {f){w . 

aw* n^ao /i*([u;*J) 

So a* is under the metric d{-,-) induced from /i* whose derivative is 
D*{f){w*). We proved the theorem. □ 

Finally, we conclude one of the main results in this paper, which is in some 
sense similar to the measurable Riemann mapping theorem for general Bel- 
trami coefficients in the one-dimensional case. 

Theorem 21. Suppose ^*{w*) € TUS. Then there is a dual geometric Gihhs 
type measure js* for the continuous potential — log^*(u;*). It is a g-measure 
for the g-function l/'^*[f)[w*) whose pressure 

P{-logD*{f)) = 0. 

Moreover, the Radon-Nikodym derivative 

^/^'K)= ^.(/)(^.) . for fi*-a.e. w*. 

And, furthermore, the dual invariant measure n* is an equilibrium state for 
the continuous potential — log in the sense that 

= P(- log !)*(/)) = V(^*) - log^*if)iw*)df,*iw*) 
= sup {hy{a*) — / log"^* {f ){vu*)diy{w*) \ u is a a* -invariant measure}. 
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15. Symmetric invariant measure and metric entropy 

Suppose r G TUS and suppose f G t. From Theorem [19l there is an /- 
invariant symmetric measure fJ.geo- Let h{z) = figeod^, z]) be the distribution 
function of figeo- 

Then 

f = ho f o e r 

preserves the Lebesgue measure Leb on T. This means that the Lebesgue 
measure Leb is /-invariant. Let h^g^^{f) be the metric entropy of / with 
respect to /igeo- Then we have that 

K,^Af) = hLel>{f) = K*{a*). 

From Theorem 1211 h^^^^f) is a positive number. 

If the topological degree of / is d > 2. Then the topological entropy of / 
is logd, which is the maximum value of the metric entopy h^^^^f) over all 
r € TUS and all / E r with their symmetric /-invariant measures ^igeo- 

Theorem 22. The infimum of the metric entropy h^g^^{f) over all r € TUS 
and all f ^ T with their symmetric f -invariant measures figeo is zero. 

Proof. To prove this theorem, we construct a family {/s}o<s<i of orientation- 
preserving circle endomorphisms such that each of them is C^^" expanding 
for some < a < 1 and preserves the Lebesgue measure. Then the equivalent 
class [fs\ is a point in r G TUS. Moreover, we prove that the metric entropy 
hiebifs) tends to as s — )• 1^. Without loss of generality, we prove this 
theorem for d = 2 as follows. 

First let us consider the unit circle T as M/Z. Let [0, 1] be a copy of T such 
that = 1. Consider a piecewise smooth expanding map for any < s < 1, 

The Lebesgue measure Leb on [0, 1] is the the unique smooth L-invariant mea- 
sure and the metric entropy 

hLeb{L) = s log s + (1 - s) log(l - s). 

Thus hx^ebiL) — )• as s — )• 1~. Next we will smooth L such that the result- 
ing map is a C^+" circle expanding endomorphism / and still preserves the 
Lebesgue measure Leb on T. 
Let r = 1 — s. Then 

s + r = 1. 

Let < a < 1. Consider the interval [— s] and construct a a-Holder 
continuous function (j)(x) on it such that 



L(x) 



(p{x) 



r ^, X € [— r, —r/2] 
X € [0, s] 
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ii) /_°.'/'m = l, 

iii) r"^ < (j){x) < Mr~^, Vx G [-r, -r^], 

iv) < (j){x) < r'^, X e [-r^,0]. 

Then 

fo{x)= /%(^)de=-:[0,5]^[0,l] 
Jo * 

is a C^+^-diffeomorphism and 

J s 

is a C^"'"'*-diffeomorphism. Furthermore, 

= <^(0-) = /^(0+) = 0(0+) = s-\ 

So we define a circle endomorphism / which is C^'^°' on [0, 1] \ {s}. Moreover, 
the derivative f'{x) > min{s~^,r~^} > 1 for any x G [0, 1] \ {s}. 

Let % and gi be the inverses of /q and fi. Consider the interval Iq = [1 /2, 1]. 
Since f[{x) = r^^ on [,s, (1 + s)/2], we have /i((l + s)/2) = 1/2. Therefore, 
the preimage of Iq under / is the union of two intervals [s/2, s] = go{Io) and 
[(l + 5)/2,l]=5i(/o) 

Define gi{x) = gi{x) on [0, 1]. Then its inverse /i = /i : [s, 1] — )■ [0, 1] is a 
(ji+a (iiffeomorphism. Denote 



Then 



Define 



9i{x) = s+ I MOdC, xe[0,l]. 
Jo 



V'o(x) = l-V'i(x) = l- a;G[0,l]. 

(pigiix) - 1) 



Then ipo{x) = s for x G [0, 1/2] since in this case gi{x) G [s, (1 + s)/2] and 
i?i(x) - 1 G [-r, -r/2]. Define 

5o(:c)= rMOd^, XG [0,1]. 

JO 

It is clearly that 50(0) = and 5o(l) = s. So 

5o:[0,l]^[0,s] 
is a C^''""^-diffeomorphism. Let 

/o(x):[0,5]^[0,l] 

be the inverse of go{x). Then it is a C^''"'*-diffeomorphism. Furthermore, 

... 1 1 . ., , 
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Thus 

is a C^"*"*^ expanding circle endomorphism. 

For any x G T, let {xo,xi} = f~^{x) such that a;o G [0, s] and a;i G [s, 1]. 
Then we have that 

^ =fo(2:)+5i(a^) = V'o(a;) + Vi(a;) = 1- 



/'(^o) f'ixi) 
This implies that for any interval J of T, 

Leb{f-\J)) = Leb{go{J)) + Leb{gi{J)) = Leb{J). 

So / preserves the Lebesgue measure. 

Now we prove that the metric entropy hiebifs) tends to as s — >■ 1~. 

Let a = 1 - /(I - r^). That is 1 - a = /(I - r^). Since < for 

X e [-r'^,0], 

a = /(I) - /(I - r^) = </,(e - < rV-i = r. 

Jl-r2 

If 1 - a < x < 1, then 1 — < 51(0;) < 1. This implies that — 1) < 

r"^, that is, 

= ipi{x) > r, Va; G [1 — a, 1]. 

Hence 

9o{x) = 1 - £?i(a;) <l-r = s, Vx G [1 - a, 1]. 
This implies that 

s - 50(1 - a) = 50(1) - 50(1 -a)= g'oiOd^ < sa. 

Jl-a 

Furthermore, 

5o(l — a) > s — sa > s — sr. 

On the other hand, if < x < 1 — a, then s < gi{x) < 1 — and — r < 
9i{x) < This implies that 

'^i(^) = /\ TT - ^ 1 - «]■ 

'^'7i(x) - 1) 



Hence 

g'oix) = ipo{x) = 1 - ^i(x) > 1 - r, Vx G [0, 1 - a]. 
It follows that for < X < go{l — a), 

f'ix)= / <(l-^)-i. 

Note that for all xeT, ^(x) < Mr^^ It implies that f'{x) < Mr"'^ for all 
X G T. 
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Since the Lebesgue measure Leb is /-invariant, by Rohlin's formula 

r rgoC^-a) f-goil-a) 

hLeb{f)= / iog/'(e)de= / log /'(Ode + / log /'(Ode 

Jt Jo Jl 

< go{l - a) log(l - r)-i + (l - 50(1 - a)) log(Mr-^) 
< - logs + (1 - (s - sr))log{Mr~^) < - logs - r(l + s)log(M"V). 
When s — 7> 1~, r ^ 0~^. This implies 

hLebifs)^0 as s->l~. 
We have completed the proof. □ 

Let '$*{w*) be the function model of r G TUS. Let /i* be a dual geometric 
Gibbs type measure for the continuous potential — \og"^*{w*). Let ^geo be 
the corresponding symmetric measure for an / G r. Then h^*[(T*) = h^g^^{f). 
Finally, as a consequence of Theorem [22l we have that 

Theorem 23. The maximum value of the metric entropy h^*{a*) over all 
^*{vj*) G TUS with their dual geometric Gibbs type measures ji* is logd. And 
the infimum of the metric entropy h^*{(T*) over all ^*{w*) G 77^5 with their 
dual geometric Gibbs type measures fi* is 0. 

Remark 9. The infimum of the metric entropy for all Anosov diffeomorphisms 
of a smooth manifold with their SRB measures has been studied in a recent 
paper |14| . The infimum of the metric entropy for all area-preserving Anosov 
diffeomorphisms of a smooth manifold with their SRB measures is still an open 
problem. Theorem\2^ answers this problem in the one- dimensional case too. 

Remark 10. The family {/s}o<s<i constructed in the proof of Theorem \2S\ 
is totally degenerate. This means that Tg = [fs] tends to the boundary of the 
Teichmiiler space but its limit can not be seen on the boundary. This is different 
from the family constructed in [H] where the family tends to the boundary of 
the space of all Anosov diffeomorphisms with a limiting point on the boundary. 
The limiting point is an almost hyperbolic diffeomorhism. This is also an 
interesting problem in the Teichmiiller theory of Riemann surfaces, that is, 
which curve is totally degenerate and which curve tends to a surface with a 
parabolic node. The construction of the families in the proof of Theorem \2E 
and in [H] provides some idea to study this problem. 
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